IMPROVEMENT OF LOWER BOUND IN WALLIS’ INEQUALITY

CHAO-PING CHEN AND FENG QI

ABSTRACT. For all natural number n, we have
1 (2n — 1)l 1
V(i +2/7) (2n)!t Vrn+1/4)

The constants % and % are the best possible. From this, the well-known Wallis’

inequality is improved.

1. INTRODUCTION

Let
(2n — 1!

Po= "G (1)
then we have
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for n > 1. The inequality (2) is called Wallis’ inequality in [3, p. 103].

The lower and upper bounds of P, in (2) are always cited and applied by math-

ematicians. The smallest upper bound % . \/zullﬁ and the largest lower bound

2 1 . . . . e
2+ 75— in (2), that is, the following inequalities
2 1 2 1
e < P o e 3
\/; V2n +1 Jr VAn+1 ®)

are obtained by N. D. Kazarinoff. See [2, pp. 47-48 and pp. 65-67].
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We can rewrite inequality (3) as

for n € N. See [1, p. 259].

It is well-known that factorials and their ‘continuous’ extension play an eminent
role, for instance, in Combinatorics, Graph Theory, and Special Functions.

In this article, we will refine inequality (4). More precisely, we will ask for two
best possible constants a and b such that the following double inequality

1 1

_— < P< (5)
m(n+a) w(n + b)

holds for all natural number n. In other words, the constants a and b can not be

replaced by smaller or larger numbers in (5) respectively.

2. LEMMA
_ _ T+ : : _
Lemma 1. Let f(z) = Mt DVaire where ¢ is a constant. Then lim,_ o, f(z) = 1.
Proof. Taking logarithm yields
1 1
lnf(x)zlnF(x—i—l)—§ln(x+c)—lnf(x—|—§). (6)

The following approximating expansion of I'(z) is given in [5, p. 107]:

n

() = (x - %) Inz—a+ % @)+ MQJQTH + 0@, (7)

r=1
where B, denotes the r-th Bernoulli number which is defined in [5, p. 1] by

t277,

t(et 1_ o+ ;) =1 +;(_1)H_IWB”' (8)

Utilizing (7) in (6) and simplifying can give the following

1 1 1 1 1
lnf(x)—xhlii—%+21niic—2+0<w>—>0 (x — 0), (9)

and then we have lim,_,, f(z) = 1. The proof is complete. I

Corollary 1. For any constant c, we have

. I'(n+1)
lim —————— =1. 10
n—oo I'(n + %)vn—kc (10)

Proof. This is a special case of Lemma 1. |
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3. MAIN RESULTS

Now we will give the main results of this paper.

Theorem 1. For all natural number n, we have

1 (2n — 1)! 1

(2n)!! (11)

w(n+2) T(n+ 1)

The constants % and % are the best possible, which means that they cannot be

replaced by smaller number and larger number, respectively.

Proof. Let
I'(n+1)
Qp=—-—""— 12
L(n+3)vn+e (12)
for n € N. Since
1 2n — I
T(n+1) =n, F(n n 7) _Cno DR S = 2,
2 27L
then we have
1 1
Q=— — (13)

Van+e¢) P’

Qny1 2(n+1) n+c
= ) (14)
Q. 2n+1 Vn+1+e¢

It is easy to see that the sequence {Q,}52 ; decreases strictly if and only if

2(n+1) | n+c <1
2n +1 n+1l+c

holds for all natural number n € N, which is equivalent to —1 < ¢ < %.

furthermore,

Since lim,— 0 2y, = 1 from (10), thus we have

1 1
Q= ——— -

Vr(n+c) P, ”

L

which is equivalent to

(15)

1
P, < ——
Vr(n+c)
fornENand—1<c§i.

From (14), it follows that the sequence {§2,,}22 ; increases strictly if and only if

2(n+1) n+c
2n + 1 n+l4+c

>1 (16)
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holds for all natural number n € N, which is equivalent to ¢ > % Therefore, if

c> %, the following inequality
P, > — (17)

holds for all n € N.

For ¢ = %, inequality (16) holds for n > 2. This means that the sequence

o0

1
Py /m(n+ %)

n=2

is strictly increasing and tends to 1 as n — oco. Therefore

1
P> —— (18)

m(n + %)
holds for all n > 2. Direct computing reveals that inequality (18) is valid for n = 1.
Hence, inequality (17) holds for all natural number n and ¢ > %

In conclusion, the following double inequality

1 <P, < _ (19)
m(n+ a) w(n + b)

holds for all n € N and for all a > % and b < i. The proof is complete. i
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