ON A NEW HILBERT TYPE INEQUALITY AND ITS
APPLICATIONS

B. YANG

ABSTRACT. This paper gives a new Hilbert’s type inequality with the same
best constant factor w. As its applications, we give its equivalent form and
some particular results.

1. INTRODUCTION

If an,b, > 0 (n€ Nog=NU{0}), such that 0 < >°7 ja2 < oo, and 0 <

n=0"n

o2 o b2 < oo, then the famous Hilbert’s inequality (see Hardy et al. [1]) is given
by
o0 o %
1.1 oy b
- 55w <r(£a5n)

where the constant factor 7 is the best possible. Its equivalent form is

(1.2) ;(n;)ernH) <7 ;::Oan,
where the constant factor 72 is still the best possible (see [2]).

Inequality (1.1) is important in analysis and its applications (see [3]). Recently,
Yang and Debnath [2, 4] and Yang [5, 6] gave (1.1) some new extensions and
improvements. Kuang and Debnath [7] considered its strengthened versions and
some generalisations, and Pachpatte [8] built some new inequalities similar to (1.1).

The major objective of this paper is to obtain a new inequality similar to (1.1)
but other than [8], which relates to the best constant factor = and the double series
form as

ZZlnm—V—lnn—F ZZ

oyt 1ne4mn

For this, we build some lemmas and estimate the following weight coefficient

(1.3) :Zm . (mef”), (neN).
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2. SOME LEMMAS

Let f have its first four derivatives on [1,00), (=1)" f (z) >0 (n =0,1,2,3,4),
[ f(z)de < oo, and f(z), f'(z) — 0 (x — 00), then (see [7, (2.1)])

(21) S rW< [ et - 5 ).

k=1

Lemma 1. Forn € N, define the function R (n) as

3 % 3/(81n63/8n) 1
(2.2) ko) = (o) 1
8lnesn 0 (I1+u)uz
25 1

- EN 2"
S6lnein 19 (lne%n)
Then we have R(n) >0 (n € N).

Proof. Integrating by parts, we find

/3/(81n 63/877,) 1 J
0 (

14+ u)u?
3/(81[163/871) 1
- 2/ BN
0 (1+w)
1 . 3/(811163/8n) 3/(81n63/8n) . 1
= 2 u? —2/ u2d
1+u 0 0 (14w
21ne§n< 3 )é +2/:>,/(81ne$/sn) L 1 ]
= U U
Inein \8lnein 0 (14 u)?
21116%71 ( 3 )é N 4/3/(81n63/8n) 1 p %
= - ——du
Inein \8lnein 3 Jo (14 u)?
B 21n68n< 3 >é
Inein \8lnesin

4 3 3/(81n63/8n) 1
= uz y —1—2/ 3u%d
3| +u)7 0 (1+u)
5 3/(81ne3/ ®n
- 21ne§n< 3 >é+4 u? /( )
Inein \8lnein 3 (1+u)20
3

)t )
4lnein \8lnesn 16(lne%n)2 8lnesn ’
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Hence, by (2.2), we have

3 3 25 1 1
R (n) — + 5 — o — 5
dlnein 16 (lne%n) 36 Inein 12 <lne%n)
1 5

= 7 + 5 >0 (neN).
18Inein 48(lne%n)

The lemma is proved. i
Lemma 2. Ifw(n) is defined by (1.3), then we have w (n) < m for n € N.

Proof. For fixed n € N, setting f,, (z) as

fo (@) = 1 <1ne8n>  zell,o0)

3 3
zlneine \lneszx

then we find f, (x) is with the assumptions of (2.1),

1
1 8lnesn )’
.fn (1): 3 )
Inein 3

and
) = 1 Inein )’ 1 Inein )’
" 22lneing \ lnefz 22In%einy \Inedz
1 <lne%n)§
a 2m2lne%mc' (1 3 )%
nesz
=1
3 0\ 3
B ( 7 . 1 ) S8lnesn
3lnein Inein 3 .
3
Putting v = :’”’%, we obtain
nesn

/100 fn (x)dx
= /Oo 1 <1ne§n>%dx
1 x(lne%n) [1—|— (1ne%x)/ (lne%nﬂ Ineiz
1

e’} 1 % 3/(81[163/871) 1 1 %
/ () du =m — / (> du.
3/(81ne3/5n) 1+u \u 0 1+u \u
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Hence by (2.1), (2.2) and the above results, we have

= > 1 1,
wo) = S hln < [ @i 30 - 500

1

8/(8me*®n) 4 1\? 1 8lnesn )’
= 71'—/ — ] du+ 3
0 1+u \u 2lnein 3
+1< T ) 8lnein\’
12 \3lnein In%ein 3
1
8lnesn )’
_ 71'—( n;”) R(n).

In view of R (n) > 0 in Lemma 1, we have w (n) < m. The lemma is proved. I

Lemma 3. For 0 < e <1, we have

(2.3) DI !

mnlneimn (+e)/2 s \(1+e)/2
(ln e§m> (111 es n)

3
Proof. For z,y > 1, setting u = 252 we find

Inesy

Il
hhc\
8 8 8
—
— 4| =
S

vV

—_
-+
IS

e N R

2 d 2 3 2
R —_— 8lned/8y

—_
+
£

Hence we have

= = 1 1 1
Z 5 ) 5 )(1+5)/2

3 : 14¢€)/2
7=1m=1 mnlneimn (lne§m)( o/ (lnegn

~ / / 1 : dxdy
3 ' 1+e)/2 14e)/2
11 aylneiay (hqe%x)( 7/ <ln e%y)( V
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14¢

0o 1+4¢ 00 3 2
1 1 InesY
/ ( ) / — (o | de|dy
1 Y \Inefy 1 zlneizy \lneszx

14¢

R
1_85<2) 2 <lnesy)

<) e (75) (7))

> 1(5) om0 =Lirrom) —0").

The lemma is proved. i

3. MAIN RESULT AND SOME APPLICATIONS

Theorem 1. Ifr,s € R, and a,, b, > 0, such that

and

then we have

(31) Z Z 1 < <Z nl 2r 2 an 2$b2> ,
m'n’ ne4mn

n=1m=1

where the constant factor w is the best possible. In particular,
(a) forr=s=1, we have

1

b T ke (Sasn)

(3.4) i i lamfb" <m (i naz inbi) 2 .
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Proof. By Cauchy’s inequality and (1.3), we have

o0 o0
Z Z b
. B
— m™nslneimn
m=

3 i 1
= Am, <1r168m>4 (mzr>
= > > T ;
3 )2 Inesn nz

1
3 1 1_
by, Inesn nz—*
x T 3 T
3 2 \Inesm m?2
Inezmn
1

3
i
3
I
I
_—
=
)
|
3
3

IN
(]2
(]2
\ Q
pusw

A/
E
o
3
S~
/N
3
|7
S
N—

= — b2 Inesn (nl_zq)
X
nglmzzllne%mn <1negm> m
1
o0 oo 2
= <Z w(m)m*~?"a?, Z w(n) n1_25b2>
m=1 n=1

In view of w (n) < 7 in Lemma 2, we have (3.1).
For 0 < € < 1, setting a,, and b, as:

then we have

oo o0 5 o0 1
1-2r~2 1—2s72
(35) Z’Il a, = Z n bn = Z ﬁ
n=1 n=1 n=1n (ln e§n)
- Z 3 T, . N\ 1te + Z T L N 1+e
n=1n<lnesn) n= 3n(lnesn)
2 00 1
D PR R R R
n=1n <lnesn) /S g (ln e%x)
o 1 !
- 1+e 1+e¢
(%) (ln 263) c
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If the constant factor 7 in (3.1) is not the best possible, then there exists a positive
number K < 7, such that (3.1) is valid if we change 7 to K. In particular, we have

E E - S"; n <K E nl*QSai E n172rbi
n
m'n amn o oy

n=1m=1

Hence by (2.3) and (3.5), we have

G G, +
(m4o0(1 Enzlmz,: — A <K (1+0(1)) (e —07).

It follows that @ < K. This contradicts the fact that K < . Hence the constant
factor 7 in (3.1) is the best possible. The theorem is proved. I

Remark 1. Inequality (3.2) is similar to the following (see [1, Theorem 321]):

oo 0o )\1/2 1/2

o0 o0 %
(3.6) Z R M, < (Z a2y bi)
n=1 n=1 n=1

Inequality (3.3) is more profound than the Mulholland’s inequality as (see [9]):

1
e} 72 st b2 2
(3.7) sznlnmn ”(201%2_:251)

and inequality (3.4) is similar to (1.1). Inequality (3.1) is a new Hilbert’s type
inequality with the same best constant factor m and two parameters r and s.

Theorem 2. Ifr € R, a,, >0, and 0 < Y7, n'~?"a? < oo, then we have

(3.8) Zi(Z am3> <7T2Zn1 22,

— — mTIneimn
n=1 m=1

where the constant factor w2 is the best possible. Inequality (3.8) is equivalent to
(8.1). In particular,

(a) forr =3, we have

2
(') 1 > Ay, - .
(3.9) n; n (mzl \/>1ne4mn> < 71'2;@2»

(b) for r =1, we have

2
(310) 2 mzmlm> DI

(3.11) Z - <Z a;”) <7 Znai.
n=1 n=1
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Proof. Since
o0
0< anfwai < 00,
n=1

there exists kg > 1, such that for any & > kg, we have

k
0< E n' "2 a? < oo,
n=1

and

bo(b)= =3 — " 20 (neN).

3
n2 f— m"lneimn

By (3.1), for s = 3, and setting b,, (k) = a, =0 (n > k), we have

2 & . & 272
a
3.12) v:(k)| = - __tm
a0 < [Srw] - |2 )
k 2 k ;
Am n(k) 2 1-2r 2 2
<7 n“"a bz (k).
L; — mrns 1ne4mn] 7; n; n ()
Thus we find
2 2 2
3.13 0< — ] =) BR(k) <7y nT?dl.
o) o< X1 (3 ) =S < e

It follows that
o0 (o)
0< Zbi (00) < 72 an_%ai < o0
n=1 n=1

Hence by (3.1), for k — oo, neither (3.12) nor (3.13) takes the form of equality. We
have (3.8).
On the other hand, if (3.8) holds, by Cauchy’s inequality, we have

(3.14) Z Z

n=1m=1

- > (4 z) =

mrns ln eimn

= ‘

— \n2z — m"lneimn
n=1 m=1

1
3
(o] 1 o0
< L nl=2p2 |
B nz_:ln<mz:1mﬂne4mn> Z
By (3.8), we have (3.1).

Hence inequalities (3.1) and (3.8) are equivalent. If the constant factor 72 in
(3.8) is not the best possible, we may show that the constant factor 7 in (3.1) is not
the best possible by using (3.14). This is a contradiction. The theorem is proved. I

Remark 2. Inequality (3.11) is similar to (1.2), which is equivalent to (3.4). Since
inequality (3.1) and its equivalent form (3.8) are all with the best constant factors,
we give some new results.
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