ON BESSEL AND GRUSS INEQUALITIES FOR
ORTHORNORMAL FAMILIES IN INNER PRODUCT SPACES

S.S. DRAGOMIR

ABSTRACT. A new counterpart of Bessel’s inequality for orthornormal families
in real or complex inner product spaces is obtained. Applications for some
Griiss type results are also provided.

1. INTRODUCTION

In the recent paper [2], the following refinement of the Griiss inequality was
proved.

Theorem 1. Let (H,(-,-)) be an inner product space over K (K =R,C) ande € H,
llell = 1. If ¢, ®,v,T are real or complex numbers and x,y are vectors in H such
that either

(1.1) Re (Pe —z,x — ¢e) >0 and Re(l'e —y,y —~ve) >0
or, equivalently,

“ o+ v+T
r—

(1.2) .

2

1 1
< - |P— — < 2=
6H_2| 9l Hy el < 5T =l

hold, then we have the following refinement of the Griss inequality

(1.3) [(z,y) — (z,€) (e, )]

< 11%— 6|0 — 5] ~ [Re (e — 2,2 — ge)]* [Re (T — y,y — e

(NI

IN

1
718 = 9lIr =7,
The constant i 1s best possible in both inequalities.

Note that the inequality between the first and last term in was firstly
established in [I].

A generalisation of the above result for finite families of orthornormal vectors
has been pointed out in [3].
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2 S.S. DRAGOMIR

Theorem 2. Let {e;};; be a family of orthornormal vectors in H, F a finite part
of I, ¢;,®;,7v;, [ e K (K=R,C), i€ F and z,y € H. If

(1.4) Re <i@iei—x,x—i¢iei> >0,
i=1 i=1

Re <i Tie; —y,y — i%ffz‘> >0,
i=1 i=1

or, equivalently,

SIS

Qi + ¢ 1 2
(1.5) :E—Z 5 ¢ <2<Z|(I)i_¢i ) )
i€F i€F
1
i+, 1 2\
y‘ZTei §2<Z|Fi—%‘> )
i€l i€l

hold, then we have the inequalities

(1.6)  [(a,y) = Y (x,ei) (ei,y)
ieF
< i (Z |®; — ¢i|2> : <Z T — ’Yi|2>
icF ieF
— |Re <Z e, —x,x — Z¢iei> ) Re <Zfiei — Y,y — Z%@i>] 2
i€F ieF ieF ieF
< 3 (Z @ - @F) ~ (Z T - viF)
icF ieF

The constant i 1s best possible.

Remark 1. We note that the inequality between the first term and the last term
for real inner products under the assumption , has been proved by N. Ujevié in
[4].

The following corollary provides a counterpart for the well known Bessel’s in-
equality in real or complex inner product spaces (see also [3]).

Corollary 1. With the above assumptions for {e;},.;, F, ¢;, ®; and x, one has the
inequalities

(1.7) 0< Jl* =D [, e

ieF
< 1 Z |®; — ¢;]° — Re <Z Die; —x,x — Z¢iei>
tier ieF i€F
1
< 1@l
i€F

with i as the best possible constant in both inequalities.
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It is the main aim of this paper to point out a different counterpart for the Bessel
and Griiss inequalities stated above. Some related results are also outlined.
2. A COUNTERPART OF BESSEL’S INEQUALITY

The following lemma holds.

Lemma 1. Let {e;},.; be a family of orthornormal vectors in H, F a finite part
of I, ;eK,ieF,r>0andx € H. If

Tr — Z)\iei

icF

(2.1) <,

then we have the inequality

(2.2) 0< flf® = > K e)> <r? =Y i = (w,e4)
i€F i€l

Proof. Consider

2
Il = Z‘*Z)\i@i —<$ZA¢6,‘,,Z‘Z)\]‘(EJ>
=3 i€F jEF
= ||lz|? Z)\ x,e;) Z)\ x,e;) —&—ZZ)\)T €i,€;5)
ieF ieF i€eF jeF
= llel” = D Nilwea) = D Nidw,eq) + ) INil
i€l i€EF i€EF

and

L= Y = (el = 3 (= (w,e)) (N = (o, e0))

ieF el

=3 [l + I, e P = X ey e) = AsTaed)
1€EF

=TI e P =Y Nodmen) = > Ailw ).
i€EF i€F i€F i€F

If we subtract I> from I; we deduce an equality that is interesting in its own right

2
x—Z/\iei —Z|/\i—<m,e = ||z||? Z|xe ,

ik ieF i€F
from which we easily deduce (2.2). I

(2.3)

The following counterpart of Bessel’s inequality holds.

Theorem 3. Let {e;};; be a family of orthornormal vectors in H, F a finite part
of I, ¢;, ®i, i € I real or complex numbers. For a x € H, if either

(i) Re <Zi€F Pie; —x,x =3 i ¢iei> > 0;
or, equivalently,

.. D,
(i) o= Yicr 252

<3 (Ser =o'
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holds, then the following counterpart of Bessel’s inequality

(2.4) 0< [|lz]* = [, e

el
1 b, + ®; 2
< ZZM% —¢1‘|2 _Z 9 (z,€:)
ieF iEF
1
S ZZ|‘I)7,_¢1|25

iCF
is valid.
The constant i 18 best possible in both inequalities.

Proof. Firstly, we observe that for y,a, A € H, the following are equivalent

(2.5) Re(A—-y,y—a)>0
and

a+ A 1
(2.6 lv- 52 <3 ra-al.

Now, for a =}, p #;ei, A =3, Pie;, we have

2\ 2
lA=all = [> (@ —¢)el| = [ |[D_ (@i — o) e
i€EF i€l
= (Z@i — ¢l |€i2> = (Zl‘l’i _¢i|2> :
icF i€EF

giving, for y = x, the desired equivalence.
Now, if we apply Lemma |1| for \; = @

ri= % (Z |D; — ¢1|2> ,

ieF

and

we deduce the first inequality in ([2.4)).
Let us prove that i is best possible in the second inequality in 1} Assume
that there is a ¢ > 0 such that

2 2 2
@7) o< o’ =Y ael” <e) [2i—ail =
ieF i€F ieF
provided that ¢,, ®;,x and F satisfy (i) and (ii).
We choose F' = {1}, e;1 = e = ( L ) €ER? z = (11,22) ER%, &) = & =

¢i + (1)7,'
2 - <x7ei>

)

1
V2’ V2
m >0, ¢; = ¢ =—m, H=R? to get from (2.7) that

2

(2.8) Ogm%—&—xg—@
2
< dem? — 7(371 +2)

2 )
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provided
(2.9) 0 < (me — z,xz + me)
m m m m
(o) (o )+ (o) (= 35):
From we get
(2.10) 22 + 22 < 4em?

provided (2.9) holds.

If we choose z1 = %, Ty = —%, then 1] is fulfilled and by 1) we get
m? < 4em?, giving ¢ > i. 1

Remark 2. If F = {1}, e; =1, |le|| = 1 and for ¢,® € K and x € H one has
either
(2.11) Re (Pe — z,2 — ge) > 0

or, equivalently,

o+ @ 1

. ST el < 2D —

(2.12) Hx 5 e _2\<I> 9|,

then

(2.13) 0< [z = [(z, e}
1 2 |9+ @ * 1 2
< — — - | — = < — — .
<218 -9 = |22 — (@) <120

The constant i is best possible in both inequalities.

Remark 3. [t is important to compare the bounds provided by Corollary 1| and
Theorem [3.
For this purpose, consider

By (z,e,0,®) =~ (® — ¢) — (®e — z,7 — ¢e)

>~

and

1 +® 2
BQ ($,6,¢, (I)) = Z ((I) - ¢)2 - <¢2 - <£TJ,€>) )
where H is a real inner product, e € H, |le| =1, z € H, ¢, P € R with
<®67£L’,l‘*¢)6> Z Oa

or equivalently,

2
If we choose ¢ = —1, & =1, then we have

Bi(w,e)=1—(e—za+e) =1 (Jel* = llo]*) = a]*,
By (z,e)=1— <1’,6>2,

-5 <fo-a.

provided ||z|| < 1.
Choose x = ke, with 0 < k < 1. Then we get

By (k) =k?, By(k)=1-k
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which shows that By (k) > By (k) if 0 < k < ¥2 and By (k) < By (k) if Y2 < k < 1.
We may state the following proposition.

Proposition 1. Let {e;},c; be a family of orthornormal vectors in H, F' a finite
part of I, ¢;,, ®;, e K (i € F). If x € H either satisfies (i), or, equivalently, (ii) of
Theorem[3, then the upper bounds

By (z,e,¢,®, F) := iz |®; — ¢,]> — Re <Z Bie; — x, 1 — Z¢iei> :

ieF ier ier
b, + @; 2
BQ(:E767¢7¢.7F): 72‘@ _¢| _Zi_<m7ei> )
i€EF ieF
for the Bessel’s difference B (z,e, F) := ||J:||2—ZZ.€F |z, e;)|*, cannot be compared

in general.

3. A REFINEMENT OF THE GRUSS INEQUALITY
The following result holds.

Theorem 4. Let {e;},.; be a family of orthornormal vectors in H, F a finite part
of I, ¢;,®;, v;,1: €K, i € F and x,y € H. If either

(3.1) Re <Z(I>iei —x,x—z¢iei> >0,

icF ieF
Re <Z Die; —y,y — Z%‘ei> >0,
i€F i€F

or, equivalently,

1

Qi + ¢ 1 2\

(3.2) w—ZTei <2<Z|(I)i_¢i> )
i€ F i€F

1

i+, 1 2\’

-y <3 (S
i€F i€F

hold, then we have the inequalities

(3.3) 0< [(z,9) =Y (w,e) (e y)
ieF
i(Z@ ) -(Dn—ﬁ)
i€EF icF

D; + ¢,
fz .

ieF

' 3 }
o) (g
i€l i€EF

The constant i 1s best possible.

—(z,e;) 5

i+,
\”Z (e
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Proof. Using Schwartz’s inequality in the inner product space (H, (-, -)) one has

(3.4)

<x =Y (medeny—) (y.e) €i>

i€F i€F
x — Z (x,e:) e

i€l

2 2

S y—z<y7€i>€i

i€l

and since a simple calculation shows that

<ff - Z (2, €) €iry — Z (y,€i) €i> = (z,y) — Z (z,€i) (e y)

i€F ieF el

and
2

= llell* = > e, el

ieF

T — Z(m,ei>ei

icF

for any x,y € H, then by (3.4) and by the counterpart of Bessel’s inequality in
Theorem [3] we have

2

(35) <£U, y> - Z <£U, ei> <ei7 y>

i€F

< (117 - St} (i - St
i€F i€EF
1 d; + o, 2
< [4Z|¢i_¢i| Z 9 —(z, i) ]
i€F i€F
1 T; +; 2
X [4Z|Fi—%|2—z T“Y_ (y,e:) ]
ieF i€EF

=K.

Using Aczél’s inequality for real numbers, i.e., we recall that

(3.6) <a2 - Za?) <b2 - Zb?) < (ab - Z aibi> ,
icF = =

provided that a, b, a;,b; > 0, ¢ € F, we may state that

(37) K< i(Z@i—mF) -(Zn——ﬁ)

1€F 1eF
2
(o} I )
S )| ;”<y,ei>] .
1€l
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Using (3.5 and (3.7) we conclude that

Nl=

68) |- e eon| < |4 (Zm —W) - (Z r. —W)
i€F icF i€F
o Z m - <$,€i> ‘FZ;_% - <y7ei> ] .
ieF

Taking the square root in (3.8)) and taking into account that the quantity in the
last square brackets is nonnegative (see for example (2.4))), we deduce the second

inequality in (3.3).
The fact that i is the best possible constant follows by Theorem 3| and we omit
the details. 1

The following corollary may be stated.
Corollary 2. Lete € H, |le]| =1, ¢,®,7,T € K and x,y € H such that either
(3.9 Re (Pe —xz,2 — ¢e) >0 and Re(le—y,y —~ve) >0

or, equivalently,

(3.10)

o+ H 1 ” v+T
e e

1
<-r-—
5 2| vl

Then we have the following refinement of Griss’ inequality
(3.11) 0 < [{z,y) — (z,€) (e, v)]

1 ®
<gle-olr—al-| 252 - o[}

1
§1|<I)_¢HF_’7‘~

The constant i 1s best possible in both inequalities.

4. SOME COMPANION INEQUALITIES

The following companion of the Griiss inequality also holds.

Theorem 5. Let {e;},.; be a family of orthornormal vectors in H, F a finite part
of I and ¢;,®, €K, i € F, x,y € H and X € (0,1), such that either

(4.1) Re<Z<I>iei(/\:r+(1)\) y), Az + (1— A Z¢el>>0

ieF i€F

or, equivalently,

(4.2) Azx+ (1 -

)

N)M—l

\/
Nl=

g

i€l



BESSEL AND GRUSS INEQUALITIES FOR ORTHORNORMAL FAMILIES 9

holds. Then we have the inequality

(4.3) Re |{@,y) =Y (z,e:) (e, y>]

iGF
sl ZI@
ZEF
11 ®; + ¢, 2
- i 1— )
el
1
P,
ST NI 2
ZGF

The constant E is the best possible constant in in the sense that it cannot be
replaced by a smaller constant.

Proof. We know that for any z,u € H, one has
Re(z,u) < = Hz +u||
Then for any a,b € H and A € (0,1) one has

(4.4) Re (a,b) < Aa + (1= \)b|>.

1
T AN(1- )
Since
(z,y) — Z (x,e:) (eiry) = <x — Z (z,e;) e,y — Z (y, e:) e>

for any z,y € H, then, by (4.4]), we get

(45)  Re <x,y>—;<x,ei> <ei,y>]
— Re <x—Z(x,ei>ei,y—2(y,ei>ei>]
ieF ier
< 5a=w A(x;@ e ) <1A><y;<y,ei>ei> 2
=50 n Ax+(1—A)y—i€ZF<Ax+(1—A)y,eim 2
—ﬁ Az + (1= Xyl ;|Ax+ (1— A y,ez>|].
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If we apply the counterpart of Bessel’s inequality in Theorem [3| for Az + (1 — \) y,
we may state that

(4.6) Az + (1 =N yl* =D 1Az + (1= A)y, e
i€l
1 (I)z+ f 2
<1l | P e Ny
icF icF
1
SZZ|‘I%'—¢ ’
i€EF

Now, by making use of (4.5)) and (4.6)), we deduce (4.3).

The fact that 1—16 is the best possible constant in 1.) follows by the fact that
if in we choose x = y, then it becomes (i) of Theorem |3 I, 1mply1ng for A = 3
. for which, we have shown that = was the best constant. I

Remark 4. In practical applzcatzons we may use only the inequality between the
first and the last term in ,
Remark 5. If in Theorem@ we choose \ = %, then we get

(4.7) Re

{@y) =D (x,e) (eiy)

el

1 2 D; + ¢, T+y
< Z A _ )
N e

L

4

2

ieF i€F
2
S |(I)1 - ¢z| )
ieF
provided
Re<Z<I>Z ¢ — x+y,x+y Z¢ez> >0
i€EF iEF

or, equivalently,

T+y @, + ¢,
2 -2 5

%
1 2
<3 (Spw-ar)
iceF
We note that (4.7) is a refinement of the corresponding result in [3].
Corollary 3. With the assumptions of Theorem[5 and if

(4.8) Re<2®iei(/\xi(l)\) ), Az + ( Z¢>ez>z

ieF i€EF

ieF

or, equivalently

Az £ ( Z

€F

N

(4.9)

< % (Z |®; — ¢¢|2> )

then we have the inequality

(wy) = 3 (.e) <ez,y>] ‘ <55 vy L el

icF

(4.10) Re
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The constant % is best possible in .

Remark 6. If H is a real inner product space and m;, M; € R with the property

(4.11) <Z Me; — Az £ (1= N)y), Az =+ ( Zmlel> >0

ieF i€F

or, equivalently,

M; +m; 1 2 :
a e < S anemp)
i€ F ieF
then we have the Griiss type inequality
(113) @)~ 2 e fenn)| < 1 - s 30 (M —my)
icF T 16 A(L-A) icF

5. INTEGRAL INEQUALITIES

Let (©2,%, 1) be a measure space consisting of a set €, a c—algebra of parts ¥
and a countably additive and positive measure p on ¥ with values in RU{oc} . Let
p > 0 be a y—measurable function on 2. Denote by L% (©,K) the Hilbert space of
all real or complex valued functions defined on €2 and 2 — p—integrable on €2, i.e.,

(-1 | o)1 ) dut) < .

Consider the family {f;},.; of functions in L2 (€, K) with the properties that
(5.2) [0 ROT @) =6y igel
where 0;; is 0 if @ # j and §;; = 1 if i = j. {fi},c; is an orthornormal family in

Lﬁ (Q,K).
The following proposition holds.

Proposition 2. Let {fi},.; be an orthornormal family of functions in LIQ) (Q,K),
F a finite subset of I, ¢,,®, e K (i € F) and f € L/% (Q,K), so that either

63 [ p@Re (2 B.fi (s) —f<s>> (f )= a F <s>)] dyi(s) > 0
Q i€F ieF

or, equivalently,

(5.4) /Q

z i

eF

SONLE

1€F
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Then we have the inequality

) L 2
(55 0< /Q CICEICEDS /Q p(3) £ () s (s) du (s)
S N L S g RGO IO
SiZl‘I’i—¢ ?
el

The constant i is best possible in both inequalities.

The proof follows by Theorem [3| applied for the Hilbert space Lf) (©,K) and the
orthornormal family {fi};.; .
The following Griiss type inequality also holds.

Proposition 3. Let {fi};,.; and F be as in Proposition . If ¢;,,9;,v;,Is € K
(i € F) and f,g € L2 (Q,K) so that either

(5.6) / p(s)Re <Z Qifi(s)— f (5)> (f(s) -> % ﬁ(S)ﬂ du(s) >0,
Q i€F i€eF
JRICEE (Zrif,» (5) —g<s>> <g<s> YT <s>)] dp(5) > 0,
Q2 i€F i€EF

or, equivalently,
1 2
dp(s) < 5 D 12— oyl

60 [

/p<s>g<s>—2””ﬂ< ZIF
Q icF lGF
then we have the inequalities
(5.8) /Qp (s) f(s)g(s)du(s)
B ZF / (s) du (s) / p(s) fi () 9 (5)d (5)
“Ageer) (5 )
i€l ier
Y|P [0 0T @] [P [ 06 T

icF

(o) (o)

The constant % is the best possible.

m»—
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The proof follows by Theorem [ and we omit the details.

Remark 7. Similar results may be stated if one applies the inequalities in Section
[4 We omit the details.

In the case of real spaces, the following corollaries provide much simpler sufficient
conditions for the counterpart of Bessel’s inequality (5.5) or for the Griiss type
inequality (5.8]) to hold.

Corollary 4. Let {f;},.; be an orthornormal family of functions in the real Hilbert
space L?) (Q), F a finite part of I, M;,m; € R (i € F) and [ € L% (Q) so that
(5.9) d_omifi(s) < f($) <D Mifils) for p—ae seQ,

i€F i€l
then we have the inequalities

510 0= [P Ow@E - | [ 1607650 <s>r

i€F
! 2 [Mikm [ ) (s du(s)]
<GS W m? = 3 [F = [0 0 )
SEZ(Mi_mi)Q-
ieF

The constant % is best possible.

Corollary 5. Let {fi},c; and F be as in Corollary. If M;,m;,N;,n; ER (i € F)
and f,g € L2p (Q) such that
(5.11) D mifi(s) < f(s) <Y Mifi(s)
icF i€F
and

Znifi (s) <gl(s) SZNifi (s) for pu—a.e seq.

i€F icF
Then we have the inequalities
612 | ) F @) dus)

=3 Q
1

- Z/QP(S)f(S) fi(s)dp (5)/ p(s)g(s) fi(s)dp(s)

-3 il RICHOIABENS
. \Ni;”i - [ o695 6 )
<3 (Z (M, - m1->2> § (Z (N, - n>> N

i€EF ieF
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