SOME MAJORISATION TYPE DISCRETE INEQUALITIES FOR CONVEX FUNCTIONS

S.S. DRAGOMIR

Abstract. Some majorisation type discrete inequalities for convex functions are established. Two applications are also provided.

1. Introduction For fixed n ≥ 2, let x = (x_1, . . . , x_n) , y = (y_1, . . . , y_n) be two n−tuples of real numbers. Let x_{[1]} ≥ x_{[2]} ≥ · · · ≥ x_{[n]}, y_{[1]} ≥ y_{[2]} ≥ · · · ≥ y_{[n]}, x_{(1)} ≤ x_{(2)} ≤ · · · ≤ x_{(n)}, y_{(1)} ≤ y_{(2)} ≤ · · · ≤ y_{(n)} be their ordered components.

Definition 1. The n−tuple y is said to majorise x (or x is to be majorised by y, in symbols y ≻ x), if

(1.1) m∑ i=1 x_{[i]} ≤ m∑ i=1 y_{[i]} holds for m = 1, 2, . . . , n − 1; and (1.2) n∑ i=1 x_i = n∑ i=1 y_i. The following theorem is well-known in the literature as the Majorisation Theorem, and a convenient reference for its proof is Marshall and Olkin [1, p. 11]. This result is due to Hardy, Littlewood and Pólya [2, p. 75] and can also be found in Karamata [3]. For a discussion concerning the matter of priority see Mitrinović [4, p. 169].

Theorem 1. Let I be an interval in R, and let x, y be two n−tuples such that x_i, y_i ∈ I (i = 1, . . . , n) . Then (1.3) n∑ i=1 ϕ (x_i) ≤ n∑ i=1 ϕ (y_i)

holds for every continuous convex function ϕ : I → R iff y ≻ x holds.

The following theorem is a weighted version of Theorem 1. It can be regarded as a generalisation of the majorisation theorem and is given in Fuchs [5].

Date: December 12, 2001.

1991 Mathematics Subject Classification. Primary 26D15, 26D10. Key words and phrases. Majorisation Type Inequalities, Convex functions. 1

Theorem 2. Let x, y be two decreasing n−tuples and let p = (p_1, . . . , p_n) be a real n−tuple such that

(1.4) k∑ i=1 p_ix_i ≤ k∑ i=1 p_iy_i for k = 1, . . . , n − 1, and (1.5) n∑ i=1 p_ix_i = n∑ i=1 p_iy_i. Then for every continuous convex function ϕ : I → R we have

(1.6) n∑ i=1 p_iϕ (x_i) ≤ n∑ i=1 p_iϕ (y_i) . Another result of this type was obtained by Bullen, Vasić and Stanković [6].

Theorem 3. Let x, y be two decreasing n−tuples and p be a real n−tuple. If

(1.7) k∑ i=1 p_ix_i ≤ k∑ i=1 p_iy_i for k = 1, . . . , n − 1, n; holds, then (1.6) holds for every continuous increasing convex function ϕ : I → R. If x, y are increasing n−tuples and the reverse inequality in (1.7) holds, then (1.6) holds for every decreasing convex function ϕ : I → R.

For a simple proof of Theorem 2 and Theorem 3, see [7, p. 323 – 324]. Remark 1. It is known that (see for details [7, p. 324]) the conditions (1.4) and (1.5) are not necessary for (1.6) to hold. However, when the components of p are all nonnegative, then (1.4) and (1.5) (respectively (1.7)) are necessary for (1.6) to hold.

In the present paper we establish some discrete inequalities for convex functions in terms of the subdifferential ∂f and apply them in obtaining sufficient conditions for the inequality (1.6) to hold.

2. The Results

Suppose that I is an interval of real numbers with interior^∘I and f : I → R is a convex function on I. Then f is continuous on^∘I and has finite left and right derivatives at each point of^∘I. Moreover, if x, y ∈^∘I and x < y then D^−f (x) ≤ D^+f (x) ≤ D^−f (y) ≤ D^+f (y) , which shows that both D^−f and D^+f are nondecreasing functions on^∘I. It is also well known (see for example [8, p. 271 – 272]) that a convex function must be differentiable except for at most countably many points.

For a convex function f : I → R, the subdifferential of f denoted ∂f is the set of all functions φ : I → [−∞, ∞] such that φ (_∘ I ) ⊂ R and

(2.1) f (x) ≥ f (a) + (x − a) φ (a) for any x and a ∈ I. It is also well known that if f is convex on I, then ∂f is nonempty, D^−f, D^+f ∈ ∂f and if φ ∈ ∂f, then (2.2) D^−f (x) ≤ φ (x) ≤ D^+f (x) for every x ∈^∘I. In particular, φ is a nondecreasing function.

If f is differentiable convex on^∘I, then ∂f = {f^′} .

The following result in terms of the subdifferential of the convex function f, holds.

Theorem 4. Let f : I ⊆ R → R be a convex function on the interval I, x_i, y_i ∈^∘I (i = 1, . . . , n) , and p_i ≥ 0 (i = 1, . . . , n) . If φ ∈ ∂f, then we have the inequality

(2.3) n∑ i=1 p_if (x_i) − n∑ i=1 p_if (y_i) ≥ n∑ i=1 p_ix_iφ (y_i) − n∑ i=1 p_iy_iφ (y_i) . If f is strictly convex on I and p_i > 0 (i = 1, . . . , n) , then the equality holds in (2.3) iff x_i = y_i (i = 1, . . . , n) .

Proof. If we apply (2.1) for the selection x = x_i, a = y_i (i = 1, . . . , n) we may write

(2.4) f (x_i) − f (y_i) ≥ (x_i − y_i) φ (y_i)

for any i = 1, . . . , n.

Multiplying (2.4) by p_i ≥ 0 (i = 1, . . . , n) and summing over i from 1 to n we may deduce (2.3).

The case of equality for strictly convex functions follows by the fact that we have equality for such a function in (2.4) iff x_i = y_i (i = 1, . . . , n) .

Remark 2. a) If one chooses in Theorem 4; y_1 = · · · = y_n =^1_{Pn} ∑_n i=1 p_ix_i, then from (2.3) we deduce Jensen’s inequality

(2.5) 1 P_n n∑ i=1 p_if (x_i) ≥ f ( 1 P_n n∑ i=1 p_ix_i ) , x_i ∈ I, p_i ≥ 0 ( i = 1, n ) . b) If one chooses in Theorem 5: x_1 = · · · = x_n =^1_{Pn} ∑_n i=1 p_iy_i, then from (2.4) we may deduce the following counterpart of Jensen’s inequality firstly obtained by Dragomir and Ionescu in 1994 [9] for differentiable functions and proved in the present form by C.P. Niculescu in [10] 0 ≤ 1 P_n n∑ i=1 p_if (y_i) − f ( 1 P_n n∑ i=1 p_iy_i ) (2.6)

≤ 1 P_n n∑ i=1 p_iy_iφ (y_i) − 1 P_n n∑ i=1 p_iy_i · 1 P_n n∑ i=1 p_iφ (y_i) . Some other particular cases of interest of the above theorem are included in the corollaries below.

Corollary 1. Let f : I ⊆ R → R be a convex function on the interval^∘I, x_i, y_i ∈ I (i = 1, . . . , n) , p_i ≥ 0 (i = 1, . . . , n) with P_n > 0. If (x_i − y_i)_{i=1,n} is nondecreasing (nonincreasing), (y_i)_{i=1,n} is nondecreasing (nonincreasing) and ∑_n i=1 p_ix_i = ∑_n i=1 p_iy_i, then

(2.7) n∑ i=1 p_if (x_i) ≥ n∑ i=1 p_if (y_i) .

If f is strictly convex on^∘I, p_i > 0 (i = 1, . . . , n) , the equality holds in (2.7) iff x_i = y_i (i = 1, . . . , n) . Proof. From (2.3) we may write for φ ∈ ∂f that

(2.8) n∑ i=1 p_if (x_i) − n∑ i=1 p_if (y_i) ≥ n∑ i=1 p_i (x_i − y_i) φ (y_i)

with equality for f strictly convex and p_i > 0 (i = 1, . . . , n) iff x_i = y_i (i = 1, . . . , n) .

Using Čebyšev’s inequality for synchronous sequences

(2.9) 1 P_n n∑ i=1 p_ia_ib_i ≥ 1 P_n n∑ i=1 p_ia_i · 1 P_n n∑ i=1 p_ib_i, where p_i ≥ 0 (i = 1, . . . , n) with P_n > 0, (a_i − a_j ) (b_i − b_j ) ≥ 0 for any i, j ∈ {1, . . . , n} (the equality holds in (2.9) for p_i > 0 (i = 1, . . . , n) iff (a_i)_{i=1,n} or (b_i)_{i=1,n} is constant), we may write that n∑ i=1 p_i (x_i − y_i) φ (y_i) ≥ 1 P_n n∑ i=1 p_i (x_i − y_i) · n∑ i=1 p_iφ (y_i)

(2.10) = 0 since (x_i − y_i)_{i=1,n} , (φ (y_i))_{i=1,n} are synchronous.

The equality holds in (2.10) for p_i > 0 (i = 1, . . . , n) iff (x_i − y_i)_{i=1,n} is constant or (φ (y_i))_{i=1,n} is constant.

If x_i = y_i for each i ∈ {1, . . . , n} , then (2.7) holds with equality. Combining (2.8) with (2.10) we deduce (2.7).

Now, assume that p_i > 0 (i = 1, . . . , n) , f is strictly convex on^∘I and there is a i_0 ∈ {1, . . . , n} so that x_{i0} ≠ y_{i0} . Then f (x_{i0} ) − f (y_{i0} ) > (x_{i0} − y_{i0} ) φ (y_{i0} ) showing that n∑ i=1 p_if (x_i) − n∑ i=1 p_if (y_i) > n∑ i=1 p_i (x_i − y_i) φ (y_i) ≥ 0,

and thus ∑_n i=1 p_if (x_i) ≠ ∑_n i=1 p_if (y_i) . Consequently, equality holds in (2.7) iff x_i = y_i for each i ∈ {1, . . . , n} . Remark 3. Obviously if (y_i)_{i=1,n} and (x_i − y_i)_{i=1,n} are nondecreasing (nonincreasing) so is (x_i)_{i=1,n} .

Corollary 2. Let f : I ⊆ R → R be a nondecreasing convex function on I, x_i, y_i ∈ ∘ I, p_i ≥ 0 (i = 1, . . . , n) and P_n > 0. If (y_i)_{i=1,n} is nondecreasing (nonincreasing), (x_i − y_i)_{i=1,n} is nondecreasing (nonincreasing) and ∑_n i=1 p_ix_i ≥ ∑_n i=1 p_iy_i, then (2.7) holds true. If f is strictly convex and p_i > 0 (i = 1, . . . , n) , then the equality holds in (2.7) iff x_i = y_i (i = 1, . . . , n) .

Proof. Since f is nondecreasing, it follows that for φ ∈ ∂f, φ ≥ 0 showing that n∑ i=1 p_iφ (y_i) ≥ 0.

Using (2.10), the fact that, by the hypothesis we have 1 P_n n∑ i=1 p_i (x_i − y_i) ≥ 0

and (2.8), we deduce that ∑_n i=1 p_if (x_i) − ∑_n i=1 p_if (y_i) ≥ 0.

The case of equality may be proven in a similar way as in the proof of Corollary 1. We omit the details.

The above result incorporated in Corollary 1 may be improved in the following manner by the use of Čebyšev’s refinement embodied in the following lemma. Lemma 1. If a_i, b_i (i = 1, . . . , n) are synchronous sequences, then we have the inequalities 1 P_n n∑ i=1 p_ia_ib_i − 1 P_n n∑ i=1 p_ia_i · 1 P_n n∑ i=1 p_ib_i (2.11)

≥ max {| | | | 1 P_n n∑ i=1 p_i |a_i| b_i − 1 P_n n∑ i=1 p_i |a_i| · 1 P_n n∑ i=1 p_ib_i | | | | , | | | | 1 P_n n∑ i=1 p_i |a_ib_i| − 1 P_n n∑ i=1 p_i |a_i| · 1 P_n n∑ i=1 p_ib_i | | | | , | | | | | 1 P_n n∑ i=1 p_ia_i |b_i| − 1 P_n n∑ i=1 p_ia_i · 1 P_n n∑ i=1 p_i |b_i| | | | | | }

≥ 0 for any p_i ≥ 0 with P_n > 0.

For a proof of this fact, see for example [11] or [12]. The following result holds.

Corollary 3. With the assumptions of Corollary 1, one has the inequality 1 P_n n∑ i=1 p_if (x_i) − 1 P_n n∑ i=1 p_if (y_i)

(2.12)

≥ max {| | | 1 P_n n∑ i=1 p_i |x_i − y_i| φ (y_i) − 1 P_n n∑ i=1 p_i |x_i − y_i| · 1 P_n n∑ i=1 p_iφ (y_i) | | | | , | | | | 1 P_n n∑ i=1 p_i |(x_i − y_i) φ (y_i)| − 1 P_n n∑ i=1 p_i |x_i − y_i| · 1 P_n n∑ i=1 p_i |φ (y_i)| | | | | , | | | | 1 P_n n∑ i=1 p_i (x_i − y_i) |φ (y_i)| | | | | }

≥ 0, where φ ∈ ∂f. A similar result may be stated under the hypothesis of Corollary 2. We omit the details.

Recall now the following result due to Biernacki [13] (for a generalisation, see Burkill and Mirsky [14]).

Lemma 2. Let p_i > 0 (i = 1, . . . , n) and (x_i)_{i=1,n} , (y_i)_{i=1,n} be two sequences which are monotonic nondecreasing (nonincreasing) in mean, i.e., 1 P_k k∑ i=1 p_ix_i ≤ (≥) 1 P_{k+1} k+1∑ i=1 p_ix_i, k = 1, . . . , n − 1 and 1 P_k k∑ i=1 p_iy_i ≤ (≥) 1 P_{k+1} k+1∑ i=1 p_iy_i, k = 1, . . . , n − 1. Then

(2.13) 1 P_n n∑ j=1 p_j x_j y_j ≥ 1 P_n n∑ j=1 p_j x_j · 1 P_n n∑ j=1 p_j y_j . If one sequence is monotonic nondecreasing in mean and the other is monotonic nonincreasing in mean, then the reverse inequality holds in (2.13).

Since any monotonic nondecreasing (nonincreasing) sequence is monotonic nondecreasing (nonincreasing), by rapport of any positive weights sequences (p_i)_{i=1,n} , the above inequality also holds if one sequence is monotonic and the other is monotonic in mean in the same sense.

We may now state another result for convex functions.

Theorem 5. Let f : I ⊆ R → R be a convex function on the interval I, x_i, y_i ∈^∘I (i = 1, . . . , n) , p_i > 0 (i = 1, . . . , n) and φ ∈ ∂f. If (y_i)_{i=1,n} is monotonic nondecreasing (nonincreasing) and (x_i − y_i)_{i=1,n} is monotonic nondecreasing (nonincreasing) in mean by rapport of (p_i)_{i=1,n} , then we have the inequality:

(2.14) n∑ i=1 p_if (x_i) − n∑ i=1 p_if (y_i) ≥ 1 P_n (_n ∑ i=1 p_ix_i − n∑ i=1 p_iy_i )_n ∑ i=1 p_iφ (y_i) . If f is strictly convex, then equality holds in (2.14) iff x_i = y_i (i = 1, . . . , n) . Proof. We know, by Theorem 4, that

(2.15) n∑ i=1 p_if (x_i) − n∑ i=1 p_if (y_i) ≥ n∑ i=1 p_i (x_i − y_i) φ (y_i) .

Applying Lemma 2 for (x_i − y_i)_{i=1,n} and (φ (y_i))_{i=1,n} we have

(2.16) n∑ i=1 p_i (x_i − y_i) φ (y_i) ≥ 1 P_n n∑ i=1 p_i (x_i − y_i) n∑ i=1 p_iφ (y_i) . Now combining (2.15) with (2.16), we deduce (2.14).

The equality case may be proved as in Corollary 1.

Results providing some sufficient conditions for the inequality (2.7) to hold true are embodied in the following corollary.

Corollary 4. Let f, x_i, y_i and p_i (i = 1, . . . , n) be as in Theorem 5.

(1) If, in addition, ∑_n i=1 p_ix_i = ∑_n i=1 p_iy_i, then (2.7) holds.

(2) If, in addition, f is nondecreasing on^∘I and ∑_n i=1 p_ix_i ≥ ∑_n i=1 p_iy_i, then (2.7) holds.

If f is strictly convex, then the equality holds in (2.7) iff x_i = y_i (i = 1, . . . , n) .

3. Applications

(1) Consider the convex function f : (0, ∞) → R, f (x) = − ln x. Assume that x_i, y_i, p_i > 0 (i = 1, . . . , n) . Then by (2.3) we have the inequality

(3.1) n∑ i=1 p_i ln y_i − n∑ i=1 p_i ln x_i ≥ n∑ i=1 p_i ( y_i − x_i y_i )

or, equivalently

(3.2) n∏ i=1 ( y_i x_i )_{pi} ≥ exp [_n ∑ i=1 p_i ( y_i − x_i y_i )] . The equality holds in (3.2) iff x_i = y_i (i = 1, . . . , n) .

If (x_i − y_i)_{i=1,n} is nondecreasing (nonincreasing), (y_i)_{i=1,n} is nondecreasing (nonincreasing) and ∑_n i=1 p_ix_i = ∑_n i=1 p_iy_i, then, by Corollary 1, we have

(3.3) n∏ i=1 y^{pi}_i ≥ n∏ i=1 x^{pi}_i . The equality holds in (3.3) iff x_i = y_i (i = 1, . . . , n) .

With the above assumptions and using Corollary 3, we may improve the inequality (3.3) as follows:

(3.4) 1 P_n n∑ i=1 p_i ln y_i − 1 P_n n∑ i=1 p_i ln x_i

≥ max {| | | | 1 P_n n∑ i=1 p_i |x_i − y_i| · 1 P_n n∑ i=1 p_i y_i − 1 P_n n∑ i=1 p_i |x_i − y_i| y_i | | | | , | | | | | 1 P_n n∑ i=1 p_i | | | | x_i − y_i y_i | | | | − 1 P_n n∑ i=1 p_i |x_i − y_i| · 1 P_n n∑ i=1 p_i y_i | | | | | , | | | | 1 P_n n∑ i=1 p_i (x_i − y_i) y_i | | | | } ≥ 0. If (y_i)_{i=1,n} is monotonic nondecreasing (nonincreasing) and (x_i − y_i)_{i=1,n} is monotonic nondecreasing (nonincreasing) in mean by rapport of (p_i)_{i=1,n} and ∑_n i=1 p_ix_i = ∑_n i=1 p_iy_i, then (3.3) holds true.

(2) Consider the function f : (0, ∞) → R, f (x) = x ln x. Then f^′ (x) = ln x+1, f^{′′} (x) =^1_x , showing that f is convex on (0, ∞) , monotonic decreasing on ( 0,^1_e ) and increasing on

(_1 e , ∞ ) . If x_i, y_i, p_i > 0 (i = 1, . . . , n) , then by (2.3) we have the inequality

(3.5) n∑ i=1 p_ix_i ln x_i − n∑ i=1 p_ix_i ln y_i ≥ n∑ i=1 p_i (x_i − y_i)

or, equivalently

(3.6) n∏ i=1 ( x_i y_i )_{pi xi} ≥ exp [_n ∑ i=1 p_i (x_i − y_i) ] . The equality holds in (3.6) iff x_i = y_i (i = 1, . . . , n) .

If (x_i − y_i)_{i=1,n} is nondecreasing (nonincreasing), (y_i)_{i=1,n} is nondecreasing (nonincreasing) and ∑_n i=1 p_ix_i = ∑_n i=1 p_iy_i, then, by Corollary 1, we have

(3.7) n∏ i=1 x^{xipi}_i ≥ n∏ i=1 y^{yipi}_i . The equality holds in (3.7) iff x_i = y_i (i = 1, . . . , n) .

If x_i, y_i ≥^1_e (i = 1, . . . , n) , (y_i)_{i=1,n} is nondecreasing (nonincreasing), (x_i − y_i)_{i=1,n} is nondecreasing (nonincreasing) and ∑_n i=1 p_ix_i = ∑_n i=1 p_iy_i, then (3.7) holds true.

If x_i, y_i > 0 (i = 1, . . . , n) , (y_i)_{i=1,n} is monotone nondecreasing (nonincreasing), (x_i − y_i)_{i=1,n} is monotone nondecreasing (nonincreasing) in mean by rapport of (p_i)_{i=1,n} , and ∑_n i=1 p_ix_i = ∑_n i=1 p_iy_i, then (3.7) also holds. If x_i, y_i ≥^1_e (i = 1, . . . , n) , then the last equality may be replaced by the more general condition ∑_n i=1 p_ix_i ≥ ∑_n i=1 p_iy_i and the inequality (3.7) will still remain valid.

Similar results may be stated for f : [0, ∞) → R, f (x) = x^r, r ≥ 1 or f (x) = (_x 1−x )_r , x ∈ ( 0,^1_2 ] , r ≥ 1. We omit the details.

Remark 4. The integral version and the version for isotonic linear functionals were considered in [15].

References

[1] A.W. MARSHALL and I. OLKIN, Inequalities: Theory of Majorisation and its Applications, Academic Press, New York, 1979.

[2] G.H. HARDY, J.E. LITTLEWOOD and G. PÓLYA, Inequalities, 2nd Ed., Cambridge University Press, England, 1952.

[3] J. KARAMATA, Sur une inégalité relative aux fonctions convexes, Pub. Math. Univ. Belgrade, 7 (1932), 145-148.

[4] D.S. MITRINOVIĆ (in co-operation with P.M. VASIĆ), Analytic Inequalities, Springer Verlag, Berlin and New York, 1970.

[5] L. FUCHS, A new proof of an inequality of Hardy-Littlewood-Pólya, Mat. Tidssker, 13 (1947), 53-54.

[6] P.S. BULLEN, P.M. VASIĆ and L.J. STANKOVIĆ, A problem of A. Oppenheim, Univ.

Beograd Publ. Elek. Fak. Ser. Mat. Fiz., 412-460 (1973), 21-30.

[7] J.E. PEČARIĆ, F. PROSCHAN and Y.L. TONG, Convex Functions, Partial Orderings and Statistical Applications, Academic Press, 1992.

[8] E. HEWITT and K. STROMBERG, Real and Abstract Analysis, Springer-Verlag, 1965. [9] S.S. DRAGOMIR and N.M. IONESCU, Some converse of Jensen’s inequality and applications, Anal. Num. Theor. Approx., 23 (1994), 71-78.

[10] C.P. NICULESCU, An extension of Chebychev;s inequality and its connections with Jensen’s inequality, J. Ineq. & Appl., 6(4) (2001), 451-462.

[11] S.S. DRAGOMIR, A refinement of Čebyšev’s inequality (Romanian), Gaz. Mat., (Bucharest), 8-9 (1990), 225-226.

[12] S.S. DRAGOMIR and J.E. PEČARIĆ, Refinements of some inequalities for isotonic functionals, Anal. Num. Theor. Approx., 18 (1989), 61-65.

[13] M. BIERNACKI, Sur une inégalité entre les intégrales due à Tchébyscheff, Ann. Univ. Mariae Curie-Sklodowska, A4 (1951), 123-129.

[14] H. BURKILL and L. MIRSKY, Comments on Chebysheff’s inequality, Period. Math. Hungar., 6 (1975), 3-16.

[15] S.S. DRAGOMIR, Majorization type inequalities for integrals and isotonic linear functionals, (in preparation).

School of Communications and Informatics, Victoria University of Technology, PO Box 14428, Melbourne City MC, Victoria 8001, Australia.

E-mail address: sever@matilda.vu.edu.au URL: http://rgmia.vu.edu.au/SSDragomirWeb.html