A GENERALISATION OF WAGNER’S INEQUALITY FOR
SEQUENCES OF VECTORS IN INNER PRODUCT SPACES

SEVER S. DRAGOMIR

ABSTRACT. An extension of the Cauchy-Buniakowski-Schwartz inequality due
to Wagner for sequences of vectors in inner product spaces is given.

1. INTRODUCTION
In 1965, S.S. Wagner [3] (see also [I] or [2, p. 85]) pointed out the following

generalisation of Cauchy-Buniakowski-Schwartz’s inequality for real numbers.

Theorem 1. Let a = (ay,...,a,) and b = (by, ..., b,) be two n-tuples of real num-
bers. Then for any x € [0,1], one has the inequality

2

(1.1) Zakbk+x~ Z aib;
k=1

1<i#j<n

< i ai + 2x - Z ;G . i bz + 2z - Z blbj
k=1 k=1

1<i<j<n 1<i<j<n

For z = 0, we recapture the Cauchy-Buniakowski-Schwartz’s inequality, i.e., (see
for example [2 p. 84])

n n

n 2
<Z akbk> < aizbia
k=1 k

=1 k=1

with equality if and only if there exists a real number r so that ax = rby for each
ke{l,..,n}

In this note we extend the above result for sequences of vectors in real or complex
inner product spaces.

2. THE RESULTS

Let (H;(.,.)) be an inner product space over K, where K=R or K=C. The
following result holds.
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Theorem 2. Let x = (21,...,x,) andy = (Y1, .--,Yn) be two n-tuples of vectors in
H. Then for any « € [0,1] one has the inequality
- 12

2.1 ) Re(wg,yp) + - > Relwiy))
| k=1 1<i#j<n ]
< Stz ¥ ReGep| [+ Y Rl
| k=1 1<i<j<n | k=1 1<i<j<n
Proof. Consider the function f: R — R, given by
n n 2
(2.2) F)=00=a)- Y |ltwy —yel* +a- (trre — yr)
k=1 k=1
Then
n n 2
23) f(t) = [(A=a)- Y llzl®+a-|[D = |
k=1

k=1

+2

1-a)- ZRe(x;wyk) +«a-Re <ka,2yk>1 t
k=1
Zyk
k=1

n 2
A=)yl + o
k=1

Observe that

n 2 n
(2.4) doa|| =) [ENREE > Re(zi, )
k=1 k=1 1<i<j<n
and
n 2 n
(2.5) Yookl =D lwel*+2- Y Relyiu;).
k=1 k=1 1<i<j<n
Also
n n n
(2.6) Re <Zxk,2yk> =ZRe (T, Yr) + Z Re (@i, y;) -
k=1 k=1 k=1 1<i£j<n

Using (2.3]) — , we deduce that
(2.7) F@& = Do lallP+2a- > Relwi,z))|
k=1

1<i<j<n

+2 ZRe(xk,yk>+a' Z Re<xi7yj> t
k=1 1<i#j<n

n

+ D el +2a- Y Re(yi,y)

k=1 1<i<j<n
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Since, by (2.2), f(t) > 0 for any t € R, it follows that the discriminant of the
quadratic function given by ([2.7) is negative, which is clearly equivalent with the
desired inequality (2.1]). I

One may obtain an interesting inequality if x and y are assumed to incorporate
orthogonal vectors.
Corollary 1. Assume that {;}i=1,.. , are orthogonal, i.e., x; L x; for any i,j €
{1,...,n},1 # j; and {y;}i=1,...n are orthogonal as well in the real inner product
space (H;(.,.}). Then

2

n n n
(2.8) sup [ (wkomn) +a- D ()| < llaall® Dyl
k=1 k=1

a€0,1] | oy 1<iAj<n
3. APPLICATIONS

1. If we assume that H = C, with the inner product (x,y) = = - g, then by (2.1
we may deduce the following Wagner’s type inequality for complex numbers
2

(3.1) Z Re (arb) +a - Z Re (aib;)
k=1

1<ij<n

< i|ak|2+2@- Z Re (a;a;) Z\bﬂ + 2 - Z Re (bib)) | ,
k=1

1<i<j<n 1<i<j<n

where a € [0,1] and a = (a1, ...,an), b = (b1,...,b,) € C™.

2. Consider the Hilbert space Ly (Q,p) == {f: Q — C, [, |f (= )P dp (z) < oo}
where Q) is a p-measurable space and p : Q — [0,00] is a positive measure on .
Then for H = Lo (2, 1) and since the inner product generating the norm is given

by
- [ 1@ a@dn(a).
we get the inequality

(3.2) Z/mn Yok (@) du(e) +a- 3 /Mﬁ 2) 5 (2)) dp (x)

1<i#j<n

< | fi (2)]% dpe () + 20 - Re (f; (2) f; (x)) dp ()
Z/ * M 1<§<n/ )
gk (2)[” dp () + 20 Re (gi (z) g; (x)) dp ()
Z/ gk ‘LL 1<§<n/ g g g

where f;,9; € L2 (2, p),i € {1,...,n} and a € [0, 1].
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