GENERALISATIONS OF PRECUPANU’S INEQUALITY FOR
ORTHORNORMAL FAMILIES OF VECTORS IN INNER
PRODUCT SPACES

S.S. DRAGOMIR

ABSTRACT. Some generalisations of Precupanu’s inequality for orthornormal
families of vectors in real or complex inner product spaces and applications
related to Buzano’s, Richard’s and Kurepa’s results are given.

1. INTRODUCTION

In 1976, T. Precupanu [6] obtained the following result related to the Schwarz
inequality in a real inner product space (H; () :

Theorem 1. For any a € H, z,y € H\ {0}, we have the inequality:

— llall [l + (a,b) _ (z,a)(x,b)  (y,a){y;b) (z,a) (y,b) (z, y)
(1.1) 9 < 2 + 2 -2 2 2
[ ] [yl [l [l
< lall o] + {a,b)
- 2
In the right-hand side or in the left-hand side of (1.1) we have equality if and only
if there are A\, u € R such that

Jra)
[l ]] [yl
Note for instance that [6], if y L b, i.e., (y,b) = 0, then by (1.1) one may deduce:
— llal[ ][] + (a, b) < llall o]l + (a, b)
2 - 2

for any a,b,z € H, an inequality that has been obtained previously by U. Richard
[7]. The case of equality in the right-hand side or in the left-hand side of (1.3) holds
if and only if there are A\, p € R with

(1.4) oA (z,a) x = (Aa + ub) ||z|* .

(1.2) Yy = %(AaJrub).

(1.3) lz)* < (z,a) (x,)

For a = b, we may obtain from (1.1) the following inequality [6]

c @ wa)?  (na) ) @)
lel® "yl BRI

(1.5) < Jlaf*.
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This inequality implies [6]:

(ry) _1[ (@)  (y.a) |* 3

Izl Myl = 2 Lli=ll lall [yl llal 2
In [5], M.H. Moore pointed out the following reverse of the Schwarz inequality

(1.7) (w2 < Mlwllll=ll, v,z € H,

where some information about a third vector x is known:

(1.6)

Theorem 2. Let (H;(-,-)) be an inner product space over the real field R and
x,y,2 € H such that:

(1.8) [z, = (L =e) [zl llyll, Kz, 2)| = (A —e) [zl =]l
where € is a positive real number, reasonably small. Then
(1.9) (g, )| = max {1 - & = V22,1~ 42,0} [yl 2]
Utilising Richard’s inequality (1.3) written in the following equivalent form:
o) 2 e oo < o) <2 T

for any a,b € H and a € H\ {0}, Precupanu has obtained the following Moore’s
type result:

Theorem 3. Let (H;(-,-)) be a real inner product space. If a,b,x € H and 0 <
€1 < g9 are such that:
(1.11) ex [zl llall < (z,a) <&zl {lall,
ex [l o] < (z,b) < ez [l [|o]],
then
(1.12) (27 = 1) lall b]l < (a,b) < (2¢F +1) |la] [[B]] -

Remark that the right inequality is always satisfied, since by Schwarz’s inequality,
we have (a,b) < ||a]| ||b]|. The left inequality may be useful when one assumes that
1 € (0,1]. In that case, from (1.12), we obtain

(1.13) = llall ol < (2¢% = 1) llal o] < {a,b)
provided &1 ||z|| ||la|| < (x,a) and &1 [|z|/||b]] < (x,b), which is a refinement of
Schwarz’s inequality
—llall Il < (a,b).

In the complex case, apparently independent of Richard, M.L. Buzano obtained
in [2] the following inequality
llall 116l + [{a, b)]

2

provided x,a, b are vectors in the complex inner product space (H; (-,-)) .

In the same paper [6], Precupanu, without mentioning Buzano’s name in relation
to the inequality (1.14), observed that, on utilising (1.14), one may obtain the
following result of Moore type:

(1.14) [(z, @) (x,b)] < -l



GENERALISATIONS OF PRECUPANU’S INEQUALITY 3

Theorem 4. Let (H;(-,-)) be a (real or) complex inner product space. If x,a,b € H
are such that

(1.15) z,a)| = (X =e) 2| llall, [z, 0)| = (1 —¢) [z bl
then
(1.16) [{a,b)] = (1 —de +2¢%) [|a]| [|b]] -

Note that the above theorem is useful when, for € € (0, 1], the quantity 1 — 4e +
%20, ie., £ € (0,1 - @} .

Remark 1. When the space is real, the inequality (1.16) provides a better lower
bound for |(a,b)| than the second bound in Moore’s result (1.9). However, it is not
known if the first bound in (1.9) remains valid for the case of complex spaces. From
Moore’s original proof, apparently, the fact that the space (H; (-,-)) is real plays an
essential role.

Before we point out some new results for orthonormal families of vectors in real
or complex inner product spaces, we state the following result that complements
the Moore type results outlined above for real spaces:

Theorem 5. Let (H;(-,-)) be a real inner product space and a,b,z,y € H\ {0}.
(i) If there exist 61,92 € (0,1] such that
@a) s wa) o
|| fjall lyll flal

and 51 + 09 > 1, then

<:E,y> 1 2 3
1.17 > — (61 +02)" — = >—1).
(L17) ] Z2@ %7 =5 (=71
(ii) If there exist pq (119) € R such that
x,a){(x,b
i flal o) < 2B a1l
Il
and 1> p; >0 (=1 < puy <0), then
a,b
(1.18) 1<l 1< T (S 2 1 [ 1),

The proof is obvious by the inequalities (1.6) and (1.10). We omit the details.

2. INEQUALITIES FOR ORTHONORMAL FAMILIES

We recall that the finite family {e;},.; is orthonormal in (H;(:,-)), a real or
complex inner product space, if

0 if i#£y
(es €j> =
1 if i=3j
where 4,7 € I.
The following result may be stated.
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Theorem 6. Let {ei};c; and {f;},c; be two finite families of orthonormal vectors
in (H;(-,-)). For any x,y € H\ {0} one has the inequality

21) D (ze) (eny) + > (a fi) (i w)

i€l jeJ

] lyll-

|~

iel,jed

The case of equality holds in (2.1) if and only if there exists a A € K such that

(2:2) r-dy=2(> (ze)ei—=A> (. fi) fi

iel jed
Proof. We know that, if u,v € H, v # 0, then

2 20 12 2
Al ol = [u, v)|

- 2
o]l

(u,v)
_ ey
[[]l
showing that, in Schwarz’s inequality
2 2 12
(2.4) [(w, )" < Jlull[lo],
the case of equality, for v # 0, holds if and only if

i.e. there exists a A € R such that u = A\v.

Now, let w =23,/ (z,e;)e; —w and v =23 ., (y, ;) [; — v
Observe that

(2.3)

2
lul® = 22 (z,e)ei|ll —4Re <Z (x,e;) e,-,x> + |lz|?
iel el
=4 lw.e)? =4 (@, el + ol = [,
i€l i€l
and, similarly
2 2
[ollI” = llylI”-
Also,
(u,v) =4 Z (2, €:) <fj’y> <€i7fj> +(z,y)

icl,jet
- 22 <$,€Z‘> <eiay> - 22 <$,f]> <f]?y> .
iel jes
Therefore, by Schwarz’s inequality (2.4) we deduce the desired inequality (2.1). By
(2.5), the case of equality holds in (2.1) if and only if there exists a A € K such that

22<$>€¢>6i—$=>\ 2Z<yyfj>fj_y )

i€l jeJ

which is equivalent to (2.2). I
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Remark 2. If in (2.2) we choose © =y, then we get the inequality:

(2.6) > lael’+ > la flF =2 Y <$,€i><fj7x><6ufj>—%Hmllz

i€l jeJ i€l jed

< s =)
for any x € H.

If in the above theorem we assume that I = J and f; = e;, i € I, then we get
from (2.2) the Schwarz inequality |(x,y)| < ||z|| ||yl -

IfinJ =92,1UJ =K, gp =ex, kel gp=fr, ke and {gr},cx is
orthonormal, then from (2.1) we get:

(27) S (w0 (g9) — 3 (wd| < g el Iyl wy e H

2
keK

which has been obtained earlier by the author in [3].

If I and J reduce to one element, namely e; = ﬁ, fi = withe, f # 0, then

11l
from (2.1) we get
(x.e)(e,y) | (z, /) {f,y) (x.e) (fry) (e, f) 1
2.8 + —9. — =,
S T 112 e iE 2
<tlellol,  wyeH

which is the corresponding complex version of Precupanu’s inequality (1.1).
If in (2.8) we assume that x = y, then we get

(@, e)l* I, I (e} (fre)le f) 1, o
+ -2. — =
le]|® 1£11* lell* 1./ 2 1]

The following corollary may be stated:

2

Corollary 1. With the assumptions of Theorem 6, we have:

(2.10) Z (z,€:) (i y) + Z (@, ) (fiy) — 2 Z (. e:) (f5.y) (e, f7)

i€l JjeJ iel,jeJ

< g Mo+ |3 e en vy + 3 ) ()

i€l JjeJ
1
iel,jed

<5 = w)l+ =yl

N | =

Proof. The first inequality follows by the triangle inequality for the modulus. The
second inequality follows by (2.1) on adding the quantity  |(z,y)| on both sides. I
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Remark 3. (1) If we choose in (2.10), x =y, then we get:

(2.11) Yo NP+l =2 >0 (me) (f @) (i )

el jed iel,jed
2 2
< Y lwed P+ 3 N fy)
iel jeJ

~2 3w U (en £5) — 5 el + 5 Dol

iel,jet
<.
We observe that (2.11) will generate Bessel’s inequality if {e;},cr, {fj},c,
are disjoint parts of a larger orthonormal family.
(2) From (2.8) one can obtain:
{z.e)(e,y) (&, f)(fy) {z.e) (fry) (e, f)| _ 1
(2.12) + -2 5 ezl yll + 1z, v)]
le]l” 11 lell* 1L.£11* =3
and in particular
(213 ““V+WM{%“@“@@W<MF
: 2 2 2015112 =
lell £l el L1

for any x,y € H.

The case of real inner products will provide a natural generalisation for Precu-
panu’s inequality (1.1):
Corollary 2. Let (H;(-,-)) be a real inner product space and {e;},; {fj}jEJ two
finite families of orthonormal vectors in (H;(-,-)). For any xz,y € H\ {0} one has
the double inequality:

(2.14) S (= w)| = [l lyll]

Zx@,m+2mmmm—22<mmwm%m

Jje€J iel,jeJ

1
2
<

el gl + [z, y))] -

M\H

In particular, we have

(2.15) 0<D (me)+ Y (o, ;) =2 > (w,e) (w, f;) (eir )

iel jeT il et
2
< [lef|”,

for any x € H.

Remark 4. Similar particular inequalities to those incorporated in (2.7) — (2.13)
may be stated, but we omit them.



GENERALISATIONS OF PRECUPANU’S INEQUALITY 7

3. REFINEMENTS OF KUREPA’S INEQUALITY

Let (H;(-,-)) be a real inner product space generating the norm ||-||. The com-
plexification He of H is defined as a complex linear space H x H of all ordered
pairs (z,y), z,y € H endowed with the operations:

(@y)+ @ y) = (@+2"y+y), w2 yy eH;
(o +it1) - (z,y) :== (o — Ty, T + 0Y) , z,y € H and o,7 € R.

On H¢ := H x H, endowed with the above operations, one can now canonically
define the scalar product (-,-)c by:

(3.1) (2,2")¢ = (x,2") + (y, ) + i [(z,y) — (x,9)]

where z = (z,y), 2/ = (¢/,y') € Hc. Obviously,
2 2 2
Izllc = lzl”+lyll”, 2= (z,y) € He.

One can also define the conjugate of a vector z = (z,y) by z := (z, —y) . It is easy to
see that, the elements of Hc, under defined operations, behave as formal “complex”
combinations x + iy with x,y € H. Because of this, we may write z = x + iy instead
of z = (z,y). Thus, z = x — iy.

Under this setting, S. Kurepa [4] proved the following refinement of Schwarz’s
inequality:

(3.2) a2l < 5 Nl {2118 + (2, 2)cl | < llall® 1212,

for any a € H and z € Hc.

This was motivated by generalising the de Bruijn result for sequences of real and
complex numbers obtained in [1].

The following result may be stated.

Theorem 7. Let (H;(-,-)) be a real inner product space and {e;},c;,{fj};c; two
finite families in H. If (Hc; (-, -)¢) is the complexification of (H;(-,-)), then for any
w € He, we have the inequalities

(3.3) S woede +> (w g —2 > (wedg (w, fi)¢ (e f)

iel jeJ i€l jeJ

< 5 lw @l + |3 (w, et + 3 fw, £

i€l JjeJ
1 _
-2 Z <w?€i>C <w7f]>(c <eiafj>_§<w’w>((:
el jed

2 _ 2
< 5 [lwlld + Kw, @l] < il

DN | =

Proof. Define g; € He, gj := (¢4,0), j € I. For any k,j € I we have

<9k79j><c = <<e/€’0) ) (ej70)>c = <ekaej> = akja

therefore {g;},c; is an orthonormal family in (Hc; (-, -)¢) -



8 S.S. DRAGOMIR

If we apply Corollary 1 for (Hc; (-, )¢), ¢ = w, y = W, we may write:

(3.4) > (w e (e @)+ Y (w, ) (f;, @)

iel jeJ

-2 Z wez fjv > <6i7fj>

iel,jed

1
< g llwlle [@lle + Y (w ei)e (es @)e + Y {w, £5) {F5, @)

el jeJ

zEI,jEJ
1 _ _
< 5 [l )| + wllc @]
However, for w := (z,y) € H¢, we have w = (x, —y) and

(ej, )¢ = ((e;,0), (z, —y))¢c = (&j,2) +ie;,y)
and
(w,ej)e = ((z,y),(e),0))c = (z,¢;) +i{ej,y)

showing that (e;,w) = (w,e;) for any j € I. A similar relation is true for f; and
since

1
_ 2 2\ 2
lwlle = lolle = (Nl + 11?)

hence from (3.4) we deduce the desired inequality (3.3). I

Remark 5. It is obvious that, if one family, say {fj}jeJ is empty, then, on ob-
serving that all sums 3, ; should be zero, from (3.3) one would get [3]

Z (w,eﬁé

iel

(3.5)

1 _
< 5w, w)e| +

IN

1 2 _ 2
5 [l + 1w, @] < ol

If in (3.5) one assumes that the family {e;},.; contains only one element e =

ﬁ\’ a # 0, then by selecting w = z, one would deduce
2 2 1 _ 1 B
|<aaz>c‘ < <aaz>(cf §<272>C +§|<Z,Z>C|
L2 2 _
< Sllall® 1212 + 1z 2)el |

which is a refinement for Kurepa’s inequality (3.2).
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