SOME MONOTONICITY QUESTIONS FOR GEOMETRICALLY CONVEX
FUNCTIONS

NING-GUO ZHENG AND XIAO-MING ZHANG

ABSTRACT. In this paper, by using some properties of geometrically convex functions, some mono-
tone functions and sequences are constructed. In the final, an open problem is posed.

1. INTRODUCTION

Throughout the paper we assume «a, 8 € [0, 1] with « + 8 = 1, and R™ be the n-dimensional Eu-
clidean Space, R} = {(z1, 22, -+ ,2n),2; > 0,4 =1,2,--- ,n}, and ax = (ax, azs, -+, 0xy,),e” =
(e¥1,e"2,- - e®), % = (2,29, - ,28%),Inx = (Inzy,Inxe, - - ,Inzy,), 2y = (x1y1, T2y2, - , TnYn),
where a € R, and x = (z1, 22, ,xy) € R", y = (y1,Y2," - ,Yn) € R"™.

For the convex function, the following Definition and Hadamard’s inequality are well-
known:

Definition 1.1. Let I' C R™ be a convez set, f: ' — (—o0, +00)is a continuous function. For any
zelyel, and a,p € [0,1] with a4+ =1, then f is called a convez function on T', if

(1.1) flazx + By) < af(x) + Bf(y).
And f is called a concave function on T, if inequality (1.1) is inverse.

Theorem 1.1. ([I]) If f : [a,b] — R be a convex function, then

(1.2) f <a+b> <1 a/abf(:c)da:gf(Cl)JFf(b).

2 b— 2

In [3] and [5], a special property for the convex function is respectively studied by S. S. Dragomir,
P. Agarwal and K. Hu. One of results is the following theorem constructing monotone functions:

Theorem 1.2. Let f be a continuous convex function in interval [a,b]. For any x € [a,b], if

(13 F) = [ s - ar (S50

and

(1.4) 6@) = - LI [ ryar, (e,
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then the functions F' and G both are increasing in |a,b], and the following refinements of inequalities

hold
a+b T —a a-+x a+b
a1 (t50) < [ rwa— =i (50) 4o 2)

_a/a flayar < T2 0 TQETD _a/f < W2 I0),

In [2] and [8 @, 0], the authors obtained some relative definitions of geometrically convex
function and geometrically convex set:

Definition 1.2. (2, 8 9] )Let f : I C (0,+00) — (0,400) be a continuous function, then f is
called a geometrically convexr function on I, if there exists n > 2, such that one of the following
three inequalities holds for any x1,x2, -+ ,xpn € L and A1, Ag, -+ , Ap > 0 with Ay +Xo+---+ X, = 1.

(1.6) F(Vr1z2) <V f(z1) f2),
(1.7) (YT ) < YT @),
(1.8) F(TTme) < TTas™ @),

and f is called a geometrically concave function on I if one of three inequalities (|1.6])-(L.8]) is
muverse.

Remark 1.1. The above three inequalities ([1.6)-(1.8|) are equivalent to each other (see |2 p. 13-17]).
Definition 1.3. ([2]) H C R is called a geometrically convez set if z®yB € H for any x,y € H.

Definition 1.4. ([2,9]) Let H C R} is a geometrically convex set, f : H — (0.4-00) is a continuous
function, f is called a geometrically convex function if f(x®y®) < f*(x)f>(y) for any z,y € H, f
is called a geometrically concave function if the above inequality is inverse, where a, 3 € [0, 1] with
a+p=1.

Definition 1.5. ([2, O, M0])Let z = (z1,72,--- ,2n) € R,y = (1,92, -+ »Yn) € RY, (2, 22,

ax[n}) and (y[l]a Y- 7y[n]) are the decreasing queue Of (xla L2, ,.%'n) and (yl: Y2, 7yn)
respectively. We say (x1,x2, -+ ,xy) logarithm control (y1,y2, - ,yn), denotes Inx = Iny if
k k _
(1.9) { [Ty > Ty b =120 = 1,
122 Ty = Y1Y2* " Yn-

We can easily find (Inzy,Inzg, -+ ,Inxy,) = (Inyy,Inys, -+, Iny,).

In this paper, by using some properties of geometrically convex functions, we shall construct
some monotone functions and sequences.

2. LEMMAS
To prove below theorems, the following lemmas are necessary.

Lemma 2.1. ([2]) (1) If f : H C R} — R is a geometrically convex (concave) function. Let
InH = {lnz|z € H}, and g(x) =1n f(e*) on In H. Then g is a convezr (concave) function.
(2) If g is a convex (concave) function on I'(C R,). Let e' = {e*|z € T'}, and f(z) = 9% on

el'. Then f is a geometrically convex (concave) function.

Lemma 2.2. ([2]) Let H C (0,400), H" = {(z1,22, - ,zp)|zi € H,1 <i<n}, if f: H —
(0,+00) is a geometrically convex function, g(x) = f(x1) + f(x2) + -+ + f(xn) and h(z) =
flx1)f(z2) - f(zn), then g and h are geometrically convex functions on H™.
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Lemma 2.3. ([2]) Let z,y € H C R, H is a symmetric conver set, and Inx > Iny, then
flx) < (=)f(y) if f is a geometrically convex (concave) function on H.
Lemma 2.4. ([2]) If f : [a,b] — R+ is a geometm’cally convex function, then

fCortaant) / e

e b—a

Lemma 2.5. ([4]) Let f is a convex function on H, and z; € H,i = 1,2,3,4 with 1 < x2 <

Ty, T1 < x3<24. Ifx= i‘; iS, then we have

a(f(x2) — f(21)) < f(2a) — f(x3).

Lemma 2.6. Let f : [a,b] — Ry is a geometrically convex function, x; € [a,b],i = 1,2,3,4 and
«
T < X9 < 4,01 < 23 < T4, if a satisfies (m—z) = %, then

1

f(@2) _ f(z4)
fe(er) — flas)
Proof. Setting F(z) = In f(e*), from Lemmal[2.1] we have that F is a convex function on (Ina, Inb).

For (ﬂ)@ = %, we get a(Inzg —Inzx;) = Inzy — Inzg. Combining Lemma these are deduced

1

that

(2.1)

- <1nf (elnm) —Inf (elnx1)> < lnf(eln“) In f(e lnzd)
which implies the inequality (2.1). The proof of Lemma is completed. I

Lemma 2.7. ([2])([10])Let (a,b) C (0,400), f : (a,b) — (0,400), and f is two order derivable.
Then z[f(z)f” (z)— (f'(x))?]+ f(z)f (z ) ()0, if and only if f is a geometrically convez (concave)

function.

Lemma 2.8. Let A > 1,n € N4, then (n+ 1)(n+ 2) dimensional vector

X =0 AT AT A, A 1 D)
——— -~ -~ —
n+2 n+2 n+2 n+2
logarithm control
n n n—1 n—1
Y = (A A AT e AR AnFL e AnEL e 1 1),
———— ——
n+1 n+1 n+1 n+1
Proof. In vector X, multiplying all numbers is
A2 )\7" Latd /\%(n—f—?) — )\7(77,+1)2(n+2)'
n+1)(n+2)
In vector Y, multiplying all numbers is also A and take k e N,1<k<(n+1)(n+2)—1

arbitrarily, use ¢, d to stand for integral part of - 2 and 1 respectively, then the product of front

k numbers of vector X is
(n—1)(n+2)

(2.2) A2 AT L A (n42) |y (k—c(n+2))-20¢

:/\"T”(n+(n—1)+~~+(n—c+1))+(k—c(n+2))%

(n+2)c2+(n72k+2)c+2kn

= 2n

The product of front £ numbers of vector Y is

(2.3) AL AwR (D) A2 (n41) |y (h=d(nt1))- "o

(14n)d? +(1+n—2k)d+2kn+2k
—>\ 2(n+1)
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Thus according to the definition of logarithmic control, only to testify

(n+2)02+(n—2k+2)c+2kn (1+")d2+(1+”*2k)d+2k"+2k
or >\ 3t 1)
S nm+1)n+2)+ (n+1)(n—2k+2)c>n(l+n)d® +n(l+n — 2k)d,
meanwhile
k k k (n+1)(n+2)—1<1

ntl nt2 m+Dn+2) - m+Dn+2)
sod—1<c<d, if c=d, it is true. If c =d — 1, it is equivalent to

(2.4) (n+1)(n+2)(d—-1)*+ (n+1)(n—2k+2)(d—1) = n(l +n)d* +n(l +n — 2k)d

k
(2.5) @(d—n+1)(d—n—1)>0,
because
d< k <(n+1)(n+2)—1 +2_L
n+1 n+1 n+1’
sod < HLH and d <n+1,(d— niﬂ)(d— n—1) > 0, thence Lemmals true. I

3. CONSTRUCTION OF SOME MONOTONE FUNCTIONS

Theorem 3.1. Let 0 < a < b, if f is a geometrically convex function on [a,b], and g(x) =
f(z)+ f(a) — 2f(y/za). Then g is a increasing function on [a,b).

Proof. For any z1, z3 € [a,b], z1 < 22, next we shall prove that

f(z2) + fla) = 2f(Vza) = f(21) + f(a) = 2/ (Vz10),

(3.1) f(z2) +2f(Vz10) =2 f(z1) + 2f(Vz20).

It is easy to obtain that f(x1)+ f(x2)+ f(z3) is a geometrically convex function on [a, b] X [a, b] X [a, D]
and

\/ 20, z9 \/zla V224 - \/Z2a, 224/ 104/ 210 = /22Q * /220 * Z1.
If \/z2a < 21 or not, (22,\/21a,\/z1a) logarithm control (z1,\/z2a, \/z2a), and we know that ( .

holds by Lemma [2.3 H g is a increasing function on [a,b].

Theorem 3.2. Let 0 < a < b, if f is a geometrically conver function on [a,b], and g(x) =
f f(t) (x—a)f (%xﬁaﬁ) Then g is increasing on |a,b].

Proof. For any z1, 2z € [a,b], z1 < 22, next we shall prove g(z1) < g(z2), o

/Z2 ft)dt — (22 —a)f <12222 ) 22) / f@®)dt — (z1 —a)f <1zf1 aaa—a21> ,
1 = 1 2L
/ f(t) (z2—a)f <z22 as- Z2> (z1—a)f <z11 = Zl) :

We need only to prove
1 z9 z1 1 z9 o 1 z1 o
(29 — zl)f(gzgrzl 2 2 (2 —a)f <z;2 “aa—22> —(z1—a)f <€zf1 aaa—21> ,

By Lemma we need only to prove

Z2 Z1

zZ2 — 21 1 z9—z1 _2Z1—29 21 —a 1 zfla -4 1 z;za -4
fz* et 7?) + fl=z e ) 2 [ -2 Tav =2 ).
zZ9 —Q (& zZ9 — 21 &
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By Young inequality, to prove the above inequality we need only to prove

22721 1

—a
1 == = z3—a 1 2 e z3—a 1 2 _a
<f <z;2 Lt fl—2""a= > fl -2z a2 |.
e e e

By in Definition [1.2| with n = 2, it is easy to obtain the above inequality by simple calculation. I

For the case in Definition [T1.2] with n = 2, we have the following Theorem

Theorem 3.3. Let 0 < a < b, if f is a geometrically conver function on [a,b], and g(x) =
f(x)f5(a)
e

Proof. For any z1, z3 € [a,b], 21 < 22, next we shell prove

@) | )@
ICT RN ETs)

Then g is a increasing function on [a,b].

1
f(2) <f(2‘2’aﬁ)>°‘

3.2 & > ,

32 F) ~ \F5a?)

if 21 = a, then (3.2)) is obvious by the definition of geometrically convex function. If z; # a, then

1
2af\ a .
20aP < 2§aP < 29, 2%0P < 21 < 23 and 2 = <Z2a ) ; 1' is also holds by Lemma Hence g

«
2¢al

is increasing on [a, b]. I

Theorem 3.4. Let 0 < a < b, if f is a increasing geometrically convex function, and g(x) =
f(x)fP(a) — f(z*a®). Then g is increasing on [a,b].
Proof. For any z1, 29 € [a,b], 21 < 22, next we shall prove

f(22) 7 (a) = f(z507) = f2(21) (@) = f(s7a?),
by (3.2]) only to prove

fa (Zl) f 23a’ @ « @
7 (zaiﬁﬁ L15(@) - 1:56) > F) (@) - (50°)
1

& 7 (2) £ (280%) 17 (0) = (:50°) f (007 = fo(:0) (@) f (a7 ) = f2(e0a?)

(3.3) & () 1) - £ (507)) - (1 (:807) = 1 (:007) ) 20

Since f(z1) f%(a) > f (z‘f‘aﬁ) by the definition of geometrically convex function, z$a” > z{a”
and f is increasing, hence (3.3) holds. &

Theorem 3.5. Let 0 < a < b, if [ is a increasing geometrically convex function, and g(x) =

f(:n)fg(a) - fi(ﬂ:aaﬁ). Then g is increasing on [a,b].

Theorem 3.6. Let 0 < a < b, if f is a geometrically convex function on [a,b],and g(x) =
f (Vazx). Then g is increasing function on [a,b.

The proof of Theorem [3.5| and Theorem [3.6] are similar to the proof of Theorem

The following counter example show that the condition “f is increasing” in Theorem [3.4} Theorem
[3.6] can not be removed.

Let f(z) = e~Vine g ¢ [1,108], we can prove that f is a geometrically convex function easily by
Lemma but

f2()f2(1) — f(V1-2) = f2(2) — (Vo)
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F@)f(1) = fA(V1-2) = f(z) - f(Va),

and

@I (i f@)
s~ (V) = g

are not increasing in [1, 108].

4. CONSTRUCTION OF SOME MONOTONE SEQUENCES

Theorem 4.1. Let a > 0, f is a geometrically convex function on [a,b], for x; € [a,b],i =

1,2,---, and F(n) =Y | f(z;)) —nf (\"/ I, xi), then ordered series of numbers {F(n) :g 18

a monotonous increasing sequence.

Proof. F(n+1) — F(n) = f(zpy1) — (n+1)f < "y H?jll xl> +nf (m), then

F(n+1)— F(n) >0

o e+ o (YT = 1 (4.

By Young inequality and the definition of geometrically convex functions,
1 n n 1 [
@)t + s (YT 2 075 ) 75 (YT

> f <+ (i H?ﬂxi)"“) = (Y-

Thence Theorem is true.

Theorem 4.2. Let a > 0,f is a geometrically convex function on [a,b], and
F(n) = n+{/H zn:Of ( ,"/an—ibi> ,

then {F(n)} 2 is a monotonous decreasing sequences, and convergence to exp <m 111?5 In f(eﬂdx) .

Proof. Let A\ = g > 1 in Lemma then

b b b n+1 b n+1 b nt+1l b n+1
Ty T ) [ s\ O ) »\ ) ; ]-7 )1
a a a a a a
—— ——

n+l1 n+1 n+1 n+l

So
n—1 1 n-1 1 —n=-2 2 n—2 2
b, ,b, b an, ,bnan,bn an, ,bnoan, , Qy ,a
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logarithm control

n—1 2 n—1

n 1 n 1 2
b,---,b,bn+tign+t1, ... bntlign+tl bhntign+i ... bhntigntl ... a,---,a
——

n+1 n+1 n+1 n+1

Function HEZTI)(HH) f(z;) is a geometrically convex function on [a, b+ (+2) by Lemma SO
that

(T of (Var=)) "™ > (o s (Vi) )™

by Lemma implies
(F(n + 1)>(”+1)(”+2) _ (H?iol ( n+\l/m))
F(r) (I s

F(n+1) < F(n),

so {F(n)}, +°° is monotonous decreasing sequences by degrees, and

1 . .
lnF(n):m “oln <f (exp <nn Zlna—i—zlnb)))
1 Inb—1Ina n n—
T Inb—Ina n+1 ‘Zi:oln<f<exp< lna+ lnb>>>

If n — +o0, then
1 Inb
In F(n) — / In f(e*)dx
1

Inb—1Ina Ji,,

n+1

VAN
—

Inb

1 xX
F(n) — exp <1nbh’1a /lna ln f(e )dﬂ;‘) .
|

Theorem 4.3. Let a > 0f is a geometrically convex function on [a,b], and

Fln) = —= S 0of (Varini),

n+1

400 - . 1 Inb T
then {F(n)},2] is a monotonous decreasing sequences, and convergence t0 =tz Jin, J(€7)dx.

n+1)(n+2)

Proof. Function Z (n+1)(n+2) f(z;) is a geometrically convex function on [a, b]( by Lemma

[2.2] so that
(n+ 2)2?:01? <\"/anfibi> > (n+1) Zn+1f ( ,/an+1—ibi)
by Lemma [2.3] implies
1 n Y an—ihi 1 n n+1—ihi
mzi:0f<\/a b) > 3 b ("W).
F(n) > F(n+1).

1 Inb
1 | _ 1 "Vdx.
na+ — nb))) — lnb—lna/lna n f(e*)dx

And if n — +o0, then

P = g ot (£ (o ("
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Corollary 4.1. (Rado’s inequality) Let z; > 0,i = 1,2,--, and Ap(z) = 237" | 2;,Gp(z) =
mv Ry (z) = n[An(z) — Gn(2)], then

Proof. In Theorem (4.1} let @ = min{z1, 22, -+ ,z,},b = max{z1,2z2, -+ ,z,}, and f(z) = z,x €
[a, b], then Corollary {4.1]is true. I

Corollary 4.2. Let 0 < a < b,n = 2, then

b Vab +b b 4 b+ b b
a+ 2a—i— ao + >‘“>a—i-an n —i—an n —l— > —a ‘
2 3 n+1 Inb—1Ina
Proof. In Theorem let f(z) = z,x € [a,b], then Corollary is true. i

5. AN OPEN PROBLEMS
In the final, we pose the following open problem according to some results in [2].

Problem 5.1. Let 0 < a < b, f is a geometrically convez function on [a,b], and

o1 70 = ) gy s~ S0

(5.2) P@) = (% o) f(a) + (x— —— / £(t)

Inx—Ina lnx—lna
(5.3) g3(z) = Vza(lnz — Ina) f(v/ax) / f(t)
We conjecture that all the gs are increasing on |a, b].
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