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MONOTONICITY RESULTS AND INEQUALITIES INVOLVING THE
GAMMA FUNCTION

Jian-She Sun

Abstract. In this paper,we will prove that the function

RCEE
o) =5

is strictly decreasing in (0, 00),wherea > 1 and 0 < b < g are two constants and the function
1
[(x+1)]=
g (.ﬁ) = 8
(x +c)
is strictly increasing in (0, 00), where § < 1 and 0 < ¢ < % are two constants.According to the

above results, if n is a positive integer and

®(n) = (nl)w
, then
1.z  ¢n+1) 1 1
1<(1+E> <W<1+@<1+5

where 0 < § < 1. The lower bound (1 + %)5 and upper bound 1+ n}r are the best possible.

6
5
From this, the well-known H.Minc and L.Sathre’s inequality is improved.

1. Introduction

In [14], H.Minc and L.Sathre’s proved that, if n is a positive integer and

®(n) = ()
, then
p(n+1) 1
1< — <14 —, 1
o) " .
which can be rearranged as
DL+ )]« < [D2+n)] @)
and )
1
(1 n (2 T
DO+ [P+ )7 5
n n+1
Where I'(z) denotes the well-known gamma function usually defined by
I'(z) = / e 't Lt (4)
0
for R(z) > 0.
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In [2,13], H. Alzer and J.S. Martins refined the right inequality in (1) and showed that, if n
is a positive integer, then , for all positive real numbers r, we have

1 n e n/
1 !
nl <( {LZZ;}H 'r)< n+1 - |
n+ THZZ=1 7 AV (n+1)
Both bounds in (5) are the best possible. There have been many extensions and generalizations
of the inequalities in (50, please refer to [4,6,12,15,17,19,21,22] and the references therein. The

inequalities in (1) were refined and generalized in [9,20,24,25,26] and the following inequalities
were obtained:

()

n+k+1 _ (H?ikkﬂi)% - [ n+k ©)
n+m+k+1 (H?Ikﬁ—{ki)ﬁ “Vn4+m+k
Where £k is a nonnegative integer, n and m are natural numbers. For n = m = 1, the equality
in (6) is valid.
In [11], the following monotonicity results for the gamma function were established: The
function [['(1 + 1)]% decreases with z > 0 and z[I'(1 + 1)]® increases with z > 0 , recovering

the inequalities in (1) which refer to integer values of n. These are equivalent to the func-

1
tion [['(1 —1—:(:)]% being increasing and M being decreasing on (0,00), respectively. In

addition, it was proved that the function x'=7[['(1 + %)]’” decreases for 0 < x < 1, where

1
v = 0.57721566490153286... denotes the Euler’s constants, which is equivalent to [F(;l%ﬂ)]z being
increasing on (1, 00).
In [9], the following monotonicity result was obtained: The function

[T(x+y+1)/T(y+ )=
z+y+1

is decreasing in x > 1 for fixed y > 0. Then, for positive real numbers x and y, we have

p+y+1_ [D@+y+1)/Ty+1)]-
THYF2 T Do +y+2)/T(y + D]

Inequality (8) extends and generalizes inequality (6), since I'(n 4+ 1) = nl.
In [9,10,20], the authors proposed the following
Open problem 1. For positive real numbers x and y, we have

1
Pty )T+ _ [@
1 =
L@ +y+2)/Ty+ =1 VEFY
Where I' denotes the gamma function. If = 1 and y = 0, the equality in (9) holds.
Open problem 2. For any positive real number z, define z! = z(z — 1)...z, where z = z—[z — 1],

and [z] denotes the Gauss function whose value is the largest integer not more than z. Let = > 0
and y > 0 be real numbers, then

Tty < V! < x
rty+1 7 Riz+y)! ~ Vrty
Equality holds in the right hand side of (10) when z =y = 1.

Hence the inequalities in (9) and (10) are equivalent to the following monotonicity results in

1
some sense for z > 1, which are obtained in [5] by Ch.-P. Chen and F. Qi: The function %

9)

(10)



1
is strictly decreasing on [1,00), the function w is strictly increasing on [2,00), and the
[C(z+1)]*
z+1
In this paper, we will obtain the following monotonicity results:

function is strictly increasing on [1, 00), respectively.

1
Theorem 1.The function f(z) = Ltz g strictly decreasing in (0, 00), where a > 1 and

(z+b)
0<b< % are two constants.
1
Theorem 2.The function g(x) = % is strictly increasing in (0,00), where § < 1 and

0<c< % are two constants.

1
Corollary 1.([18]) The function f(z) = % is strictly decreasing on [1, c0).

1
Corollary 2.([18]) The function g(z) = % is strictly increasing on (0, 00).
Corollary 3.Let 0 < x < y, then we have

y+b

ytes [C(y +1)]
z+b

rre D+ 1)
Whereazl,ogbggandﬁ<1,0§c§%.
Theorem 3. If n is a positive integer and ®(n) = (n!)%, then

(n+1) 1 1
— <1+ <1l+ - 12
®(n) n+ 8 n (12)

) (11)

]| <=

1
1<(1+2)<
n

where 0 < # < 1. The lower bound (1 + )ﬂ and upper 1 + 6 are the best possible. From
this, the well-known H. Minc and L. Sathre’s inequality is 1mpr0\5/ed.

2. Preliminaries

In this section, we present some useful formulas related to the derivatives of the logarithm of
the gamma function.
In [23, pp. 103-105], the following formula was given:

I"(z) o0 6715 _ €Zt 1 1— tzfl
= —dt= | ———dt 13
T(z) /0 1—et /0 1—t (13)
where v = 0.57721566490153286... denotes the Euler’s constants. See [23, p. 94]. Formula (13)
can be used to calculate I'(k) for k € N. We call ¥(z) = I;((ZZ)) the digamma or psi function.

See [3, p. T1].
It is well known that the Bernoulli numbers B,, are generally defined [23, p. 1] by

> t2n

1 1
et =2 M gy B (14

In particular, we have the follovvlng

_1
By = 6 By = 307 B3 427
In [23, p. 45], the following summation formula is given
o (_1)77, B 772k+1Ek .
Z (2n+ 1)2k+1 o 22k+2(2k)! ( 5)

n=0
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for nonnegative integer k, where F; denotes Euler’s number, which implies

2(2n)! = 1
B, = . N 1
(2m)2n mzzzl m2n ne (16)

The formula (16) can also be found in [7, p. 1237].
Lemma 1. For a real number x > 0 and natural number m, we have
B, 1
2(2n —1)n  a?n—1

lnI‘(:r:):%-1n(27r)+(x_%).1n$_x+2(_

Bm+1 1
—1)"p, - : 9, <1 1
d 1 i 1
—Inl Ine — — _ —
dmln (@ ) e 2x * ;(
B, 1
F(=1)mHg, . 2l 0<6y<1 (18)

om + 2 g2mt2’
d? 1 Bn
prolCC V”F@JFZ [

B,
+(=1)™; - Wﬂ 0<6;<1 (19)

Remark 1.The formulas and their proofs in Lemma 1 are well-known and can be found in
many textbooks on Analysis; See, for instance, [8, Section 54 and Section 541].

3. Proofs of theorems
Proof of Theorem 1. Taking the logarithm and straightforward calculation gives
1
Inf(x)=—=-InT'(x+1) —aln(z+b) (20)
x

Differentiating with respect to = on both sides of (20) and rearranging leads to

L l@) d aa?

o) = —Inl'(z+1) —{—x%LnF(z—F 1) — P (21)
and, using (19)
f'(x), d? ax? + 2bax
O T Rl R P
1 1 1 az? + 2bax
<x[a;+1 + 2(x+1)2 * 6(3€+1)3] - (z +b)?

" 6(z+ 1)3(z + )2
G(x) = (6 — 6a)x® + (12b — 12ba — 18 + 15)z* + (6b® + 30b — 36ba — 18cr + 10)2®
+(15b% 4 20b — 36ba — 6a)2* + (106* — 12ba)x (23)
G'(0) = 106* — 12ba
G"(0) = 2(15b% + 20b — 36ba — 60v)
G®)(0) = 6(6b% + 30b — 36ba — 18a 4 10)
GW(0) = 24(12b — 12bo — 18a 4 15)
G®)(0) = 720(1 — a)
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Forz >0, >1and0<b< 9 wehave GO)(z) <0, GW(x) decreasing, G¥ (z) < GH(0) < 0;
G®)(z) decreasing, G (z) < G®)(0) < 0, and thus G”(x) decreasing, G (z) < G”(0) < 0, and
then G'(x) decreasing, G(z) < G(0) = 0. Therefore the function 7(z) = xZ% is strictly
decreasing in (0,00), 7(z) < 7(0) = 0, and then f’(z) < 0, hence f(x) is strictly decreasing in
(0, 00).The proof of Theorem 1 is complete.
Proof of Theorem 2. Taking the logarithm and a simple calculation yields

1
Ing(z) = - -InT'(z+1) — Bln(z +c¢) (24)
T
Differentiating with respect to x on both sides of (24) and rearranging leads to
! 2
29 (2) d Bz
=—InT 1 —Inl’ 1) — 25
xg(x) nl(x + )+5L’dxn(x—|- ) po (25)
and, using (19)
/ 2 2
2@, d 822 + 208x
=zx——=Inl 1) — ———
(@ g(x) ) a2 (z+1) (x +¢)?
1 1 242

PR A PR 3y provay Rl RSTRY  pRRpS
p(x) £ (2 —28)2* + (4c + 3 — 46 — 4cp)a®
+(2¢% + 6¢ — 28 — 8cB)x® + (3¢* — 4cB)x (27)
1 (0) = 3¢® — 4¢3
1" (0) = 2(2¢% + 6¢ — 23 — 8¢3)
13 (0) = 6(4c + 3 — 46 — 4cp)
u (@) = 24(2 - 28)
For z >0, 3<1and 0 <c< %, we have p®(x) <0, p®(x) increasing, 3 (z) > 3 (0) > 0,

and then p”(z) increasing, p”’(x) > p”(0) > 0, and thus p/(z) increasing, u/(z) > 1#/(0) > 0,

hence p(z) increasing. p(x) > p(0) > 0. Therefore the function {(z) = .562%/((;) is strictly

N

increasing in (0,00), £(z) > £(0) = 0, and then ¢'(x) > 0; hence g(z) is strictly increasing in
(0, 00).

The proof of theorem 2 is complete.

Proof of Theorem 3. Ifletx:n,y:n+1,b:g,c:o, anda=1,0<p8<1,neNin
inequality (11), then we obtain the inequality (12). The proof is complete.
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