A REFINEMENT OF GRUSS TYPE INEQUALITY FOR THE
BOCHNER INTEGRAL OF VECTOR-VALUED FUNCTIONS IN
HILBERT SPACES AND APPLICATIONS

C. BUSE, P. CERONE, S.S. DRAGOMIR, AND J. ROUMELIOTIS

ABSTRACT. A refinement of Griiss type inequality for the Bochner integral of
vector-valued functions in real or complex Hilbert spaces is given. Related
results are obtained. Application for finite Fourier transforms of vector-valued
functions and some particular inequalitites are provided.

1. INTRODUCTION

In 1934, G. Griiss [5] showed that
provided m, M,n, N are real numbers with the property

—co<m< f<M<oo, —oo<n<g<N<oo ae. on [a,b
and T (f,g) is the Cebysev functional

sty [ romoa g rom gt oo

The constant % is best possible in (1.1) in the sense that it cannot be replaced by
a smaller one.

An extension of this classical result to real or complex inner product spaces has
been obtained by S.S. Dragomir in [2]:

Theorem 1. Let (H;(-,-)) be an inner product space over the real or complex

number field K and e € H, |le|| = 1. If p, 0,7, T € R and z,y € H are such that

(1.2) Re(pe —x,x —pe) >0 and Re{Te—y,y—ve) >0
or, equivalently (see [4])
@+¢ y+T 1

. < ZIr—
13 [o-Eh2e < Jio-el ana - TEE < Jir-a,
then

1

(1.4) [, y) — (@ e) eyl < 716 — ¢l T =1

The constant % is best possible in (1.4).
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A further extension for Bochner integrals of vector-valued functions in real or
complex Hilbert spaces was obtained by S.S. Dragomir in 2001, [3].

Theorem 2. Let (H; (-,-)) be a real or complex Hilbert space, @ C R™ be a Lebesgue
measurable set and p : Q — [0,00) a Lebesgue measurable function with [, p(s) ds =
1. We denote by Lo, (2, H) the set of all Bochner measurable functions f on Q

such that ||f||§p = for(s)|If (s)|I* ds < oo. If f,g belong to Ly, (Q, H) and there
exist the vectors x, X,y,Y € H such that
(15) [ pORe(X~£(0).7 ()~ )t 20,

Q

/Qp(t)Re<Y—g(t),g(t) —y)dt >0,

then we have the inequality

ljuMﬂwﬂu»ﬁ—<Apmfuma4pwgwmﬂ

(X =z Y =yl

(1.6)

1
<7l
4
The constant i s sharp in the sense mentioned above.
Remark 1. We must state that the functions under the integrals (1.5) and (1.6)

are Bochner integrable on ) since they are Bochner measurable and we can state
the following obvious results

p(t)[Re(X = f (1), f (1) — )|
p &) (X = f(t),f(t)— )
p O L @I+ AX] + llll) p (@) 1LF (Ol + 12X )] p (1)

IN A

for a.e. t € Q;
tépﬁwf@HﬁSHﬂhp

and

AP@KﬂﬂﬂMHﬁSWMﬁMMW

Remark 2. A practical sufficient condition for (1.5) to hold is
Re(X = f(t),f(t)—2) =20, Re(Y —g(t),g(t)—y) =0

or, equivalently

-5

for a.e. t €.

Yty
2

1 1
<l ix o] and %a> H<ny—m,

An interesting particular inequality that has not been mentioned in [3] can be
obtained by considering H = C, (z,y) := 2z - g and g = f, to give

Ap@wﬂﬁm—(ép@fwmﬁz

(1.7)
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provided

(1) [ pRe[(a=F ) (TG~ )] ds =0
or, sufficiently,

(1.9) Re[(4=f () (F(s) —a)] =0

for a.e. s € Q.
Note that the alternative result

(1.10) OS/Qp(S)f(8)2d8—’/ﬂp(8>f(8)d8

provided (1.8) or (1.9) hold, has been stated in [3].

The main aim of this paper is to obtain an improvement of the Griiss inequality
(1.6) and establish some Griiss type results in providing upper bounds for the
quantities

2

S |A_a|2a

1
4

/Qp<w<f<t>,g<t>>dt—</Qp<t>f<t>dt,/9p<t>g<t>dt>]

and

/Qp(t)a(t)f(t)dt—/Qp(t)oz(t)dtfﬂp(t)f(t)dt

under various assumptions for p, a € Ly , (Q2,K) and f € Ly, (2, H).

Applications in approximating the finite Fourier transform of vector-valued func-
tions in Hilbert spaces are provided. Inequalities for some particular vector-valued
functions are given as well.

)

2. SOME INEQUALITIES OF GRUSS TYPE
The following lemma holds.

Lemma 1. Assume that f € Ly, (Q, H) and there exist the vectors x, X € H such
that

(2.1) [ pORe(X ~£@).7() - o)t =0
Q
or, equivalently,
2
22) Lo |ro- 252 o< pix-arn
Then we have the inequality
2
. 2d _‘ d
(2.3) OS/Qp(t) £ @) dt /Qp(t)f(t) t
< IX—al? = [ p)Re X = £ (). £ ()~ x)ds
Q
1 2
< 1 X —z|”.

The constant i in the second and third inequalities cannot be replaced by a smaller
quantity.
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Proof. Since, for any y,z, X € H

X4z
2

2
1
_Z||X_xH2ZRe<y_Xay_x>a

Jo-
hence

/Qp<t>Re<X—f<t>,f<t>—x>dt

— [ | Ix e - || - 22
Q 4 2

—ix et = [pfrw- 25

showing that, indeed, (2.1) and (2.2) are equivalent.
Define (see also [3])

ni=(x- [pwroa [ p0)fwa-x)

L :=/p<t><X—f<t>,f<t>—x>dt.
Q

2
dt

2
dt

and

Then, obviously
2

= [ o) [<X,f(t)>+<f(t)a$>]dt—<X7x>_‘

/Qp(t)f(t)dt

and
Izz/p(t) [<X,f(t)>+<f(t)7x>]dt*<X,z>*/P(t) £ (®)]]” dt.
Q Q

Consequently,
2

2.4 LI = 2dt - H d
(2.4) 1— 1> /Qp(f)Hf(t)H t /Qﬂ(f)f(f) t
Taking the real value in (2.4), we can state the following identity as well [3]
2
. 2 dt — ‘ d
(2. Lo@nr@ita—| [ o s

:Re<X—/Qp(t)f(t)dt7/ﬂp(t)f(t)dt—x>
_/Qp(t)Re<X—f(t),f(t)_x>dt

that is of interest in itself.
Using the well known inequality in inner product spaces

24y’

(2.6) Re (z,y) < 5

with equality iff z = y, we may state that

Re(x =~ [ @170, [ o) 7@t < 11X -’

and by the identity (2.5), we deduce the second inequality in (2.3).
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The third inequality follows by the assumption (2.1).
Now, assume that (2.3) holds with the constants C, D > 0. That is,

2

(27) O<prwﬁm%ww4pwfmﬁ

smw+ﬂF—ApWRux—ﬂmfm—ww
< DX —af.
If we choose Q = [a,b] CR, H =R, f: [a,b] — R,

—1 if t€ [a, 4]
ft)=
1 if te (42,0
then for X =1,z = —land p: [a,b] = R, p(t) =1, ¢
holds and by (2.7) we deduce

€ [a,b] the condition (2.1)
1<4C <4D
giving C' > % and D > i, and the lemma is proved. i
The following refinement of the Griiss inequality holds.

Theorem 3. Assume that f, g € L , (2, H) and there ezists the vectors x, X,y,Y €
H such that

(2.8) | pOR(x =7 0.7 () =it >0
[ r @Ry =g(0).9(0) = e >0

or, equivalently,

(29) Lo |ro-23=

2 1
dt < EIIX—Q?HQ,

Y +y 2 1
RG] R R T
Q

Then we have the inequality

lﬁaMﬂwyu»m<ApmfGMmLp@g@aﬂ
sinx—ﬂ|Y—M—{meRux—famﬂw—wﬁ

(2.10)

1/2
< [ pORey — (0,90~ )t
< 31X —all |y — .

The constant % in both inequalities is sharp in the sense that it cannot be replaced
by a smaller quantity.
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Proof. We start with the following Korkine type identity (see also [3])

e [pwu@aoa-{ [ po s [ 0w

- %/Q/Qf(t)P(S) (f @) = f(s),9(t) — g (s)) dtds.

Taking the modulus and using the Schwarz inequality in inner product spaces, we

have
Lot ()>dt</p()f()dt/Q (t)g(t)dt>]

= 2// s)IF () = £ ()]l llg (t) — g (s)]| dtds.

Using the Cauchy-Bunyakovski-Schwarz inequality for double integrals, we have

(2.12)

@13 5 [ [ p®p)1£ 0= 16 a 0 =g (s)] s

( // A MO <s>||2dms)§ |
< L Lewowsc (S)||2dtd3)2_

Since a simple computation shows that

@14 5 [ [ p@n@ 17O 1)) dds

(01 (1) dt H [owi@a
and

(2.15) / / ) 19 (8) — g (s)[? dtds
(t) g (0)) de H [ owata i

2

then by (2.11) — (2.15), we deduce

Lowua.goia-{ [ sorroa [ pegoar)
< (/me ||f<t>2dt—H/Qp<t>f<t>dt )
x (/me ||g<t>|2dtH/Qp<t>g<t>dt

(2.16)

Vo
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Using Lemma 1, we many deduce
(217) M < (i X — 2 — /Qp(t) Re (X — £ (t), f (t) — ) dt)
< (317 =0l = [ pOReY — (0.9 (0) -y ar) =

By the elementary inequality

(m®* =n®) (P> = ¢*) < (mp—ng)®,  m,n,p,q€R,

we may state that
@18) N < (1=l <yl - | [ pRe (X = 7 (0.5 () - a)a
Q

1y 2
< [ Rty —9 (0.0 - )
and thus by (2.16) — (2.18) we can conclude that

(2.19)

/Qp<t><f<t>,g<t>>dt—</Qp<t>f(t)dt,/ﬂp<t>g<t>dt>]

<[ el ol = [ [ pRetx -7 0).7 ) - )

Nl

x/Qp(tmew—g(t),g(t)—y>dt}

and since, by Lemma 1,

2

UQ”(”RQ<X—f(t>,f<t>—xmt./

[ (ORe(y 40900 —y>dt}

1
< 7 X =2y =l

hence from (2.19) we deduce (2.10).
The sharpness of the constant i follows by Lemma 1, and we omit the details. I

Remark 3. The inequality (2.10) is obviously a refinement of (1.6), which has
been obtained in [3].

The following result of Griiss type also holds.

Theorem 4. Assume that o € Ly, (Q, H), f € Ly, (2, H) and there exists the
scalars a, A € K (K = C,R) and the vectors x, X € H such that

(2.20) /Q p()Re (4~ (1) (a0 ~7)] dt > 0 and
/Qp(t)Re<Xff(t),f(t)*x>dt20
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or, equivalently,

A
(2.21) /ﬂp(t)oz(t)— ‘2“‘ it <t |A—\
2
)70 - 252 ar < x -

then we have the inequality

prawfwﬁ—[jumaMrprfmﬁH
< il -allx -l - ([ pORe[(a-a(0) (a@ -a)]

(2.22)

1/2
XprRﬂX—f@%ﬂﬂ—wﬁ>
1
<Ha—alix —a).

The constant % in both inequalities is sharp in the sense that it cannot be replaced
by a smaller quantity.

Proof. We observe that the following Korkine type identity holds
prawfmm—lj@muwvépwfwﬁ
=5 | [ r®n) @) =ae) (s~ f (o) s

Using a similar approach to the one in Theorem 3, we have successively

ez | [swaswa- [ pwaa [ o050
—i@ﬁp Jp(s) | (t) = a ()] I (1) = £ ()] deds
g[;//pmp®muwﬂ@wﬁw

<3 | [owe@ s @Pﬁﬂé

=L@mwmwﬁw—ujumumfr

X[Ap@wvm%tHprfmﬁ
g(iMMQLpuﬂmhAa@»Quwaﬂdﬁé

< (F1x =l = [ pRe =705 () - ) )

2
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1
2

< ]1|A—a| X =l = ([ pO1Re[(4 - a (o) (a0~ a)] ar)

[ME

<([oorex—rw.10) -0 )

:i|A—a\|\X—xII— (/Qp(t)Re {(A—a(t)) (W—E)]dt

1

2

x/Qp<t>Re<X—f<t>,f<t>—m>dt)

and the first inequality in (2.22) is proved.
The second inequality and the sharpness of the constant i are obvious and we
omit the details. i

3. PRE-GRUSS TYPE INEQUALITIES

The following result provides an inequality of pre-Griiss type that may be useful
in applications when one of the factors is known and some bounds for the second
factor are provided.

Theorem 5. Assume that f,g € Ls , (Q2, H) and there exists the vectors x, X € H
such that either (2.1) or (2.2) hold true. Then we have the inequality:

(3.1)

/Qp<t><f<t>,g<t>>dt</Qp<t>f(t)dt,/gp@)g(t)dtﬂ

< (3 IIX—:EIIQ—/Qp(t)Re<X—f(t),f(t)—w>dt)l
9 (/qu) ||g<t>||2dt—H/Qpa)g(t)dt )

< 21X -2 (/qu) o1 a - [ porato)a )

The proof follows by Lemma 1 and the inequality (2.16) and we omit the details.
Similarly, we can state the following pre-Griiss inequality related to the case
when our function is scalar.

Theorem 6. Assume that o € Ly, (Q,H), f € Ly, (2, H) and there exists the
vectors x, X € H such that (2.1) or, equivalently (2.2) hold true. Then we have the
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inequality

(32) |

Apma@fwa—zjamamvépmfmm\

2

< (G0 e~ [poretx - 7040 - ohat)
x<émwmmfw—ujumumf>2

1 ) 2\ *
<gm—w<4pma@|mﬁ4pmatﬁ>

The proof follows by Lemma 1 and the inequality (2.23) and we omit the details.

Remark 4. Assume that Q = [a,b] C R and p(t) = 7. Then, from (3.2) we get

(3.3) Hbia/ﬂa(t)f(t)dt—bia/ /f dtH
<|jlx-e |———3/ReX f<>fu—wm41
[b o [la@Pa-| [ <t>dt2]2,
provided o € Lo ([a,b],K), f € Ly ([a,b],H) and
(3.4) /ReX £, F () —ahdt >0

or, equivalently,

(3.5) /Q

We observe that, in practical applications the condition (3.4) and (3.5) may be
replaced with the more convenient sufficient conditions

(3.6) Re(X — f(t),f(t)—z) >0 forae. tE€E]la,bl,

X 42|

OEE

1
ﬁgﬂm—w?

or, equivalently,

X+
2

(3.7 Hf (t) — < % |IX — | fora.e. t€]la,b].

4. INEQUALITIES FOR THE FINITE FOURIER TRANSFORM

Let (H;(-,-)) be a real or complex Hilbert space and g : [a,b] — H be a Bochner
integrable function on [a, b] . Define its finite Fourier transform by

b
(4.1) Fg) (t) = / e 2T g () ds.
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We also consider the exponential mean of two complex numbers (see also [6])

z w

e~ —e€

if z#w
E(z,w):= row , z,weC.

exp(w) if z=w
The following result may be stated.

Theorem 7. Assume that f € Lo ([a,b], H) satisfies either (8.4) or, equivalently,
(3.5). Then we have the inequality

b
(4.2) F(f) (t) — E (~2mita, —2mitd) / f(s)ds

IN

sin? [zt (b — a)] : B
(b— a)® 722 ] (b=a)

21X ol [1—
b—a
2
for each t € [a,b] (t #0).

IN

X — |

Proof. We apply the pre-Griiss inequality (3.3) to get

1 b . 1 b i 1 ’
(4.3) mA 6—2m755f (8) ds — EA e—2mits g . m/@ f (s) ds
27 2
1 1 s Lot its
<X —4 7/ o>t P ds — 7/ e s
2 b—a /, b—a/,
However,
b
/ e 2mits gg _ (b — a) E(—2rita, —2mitd) ,
’e—Zwit5’2 — 1’
/b p2mits g — M
. 2it ’
and

2 2

b b
/ 6727r7,tsds / eQ‘mtsds
a a

1 2mith |2 2rmith _—2mita 2rita |2
= s |7 — 2Re [t et o et
1
=5 [1 — cos[27t (b — a)]]
~ sin® [7t (b — a)]

22
Utilising (4.3), we deduce the desired inequality (4.2). 1

Remark 5. The above inequality (4.2) extends for vector-valued functions the cor-
responding result from [6].
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From Theorem 5 for Q = [a,b] and p(t) = 2, we may deduce the following

b—a’
inequality that will be utilised in Theorem 8 to point out another type of inequality
for Fourier transforms:

b b ,
bia/a <f(t)9(t)>dt<b_1a/a f(t)dt,ﬁ/a g(t)dt>‘

b ;
< (ix—xn%b_la/a Re<x—f<t>,f<t>—x>dt>

1 b ) 1 b ?
7 [ lo@iPde= | [ g

D Py I Iy o
2 e —a a g b—a ag

provided (3.4) or (3.5) hold true.
In the following we use the notation (f, g) for the function ¢ : [a,b] — K, £(t) :=

(f(t),g(t)),t€la,b], where f,g € L ([a,b],H) .
The following result may be stated as well.

Theorem 8. Let f,h € Lo ([a,b],H). If f satisfies either (3.4) or, equivalently,
(3.5), then we have the inequality:

B
||Xz|[ ;L | Lo o

for any t € [a,b], where

(4.4)

1
2

(4.5)

] (bfa)’

b
F(h)(t) = / e? i (s) ds,
is the inverse Fourier transform.

Proof. If we apply the inequality (4.4) to g (s) = e®™*h (s), t € [a,b], then we get

b b b
el <f(8)h(5)>d8<b_1a [ 1ot | e%”sh(s)ds>|

. 272
<yl =l [ [meas— |3 [emenias

which is obviously equivalent to (4.5). I
5. INEQUALITIES FOR PARTICULAR VECTOR-VALUED FUNCTIONS

Let H be a real or complex Hilbert space and L(H) be the linear space of all
linear and bounded operators acting on H. The norms of vectors in H and of
operators in £(H) will be denoted by || - ||.
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1. Choose Q = [0,1], p(t) = 1 and f(t) = e!42 for t € Q, A being an invertible
bounded linear operator acting on H and z be fixed in H. Since, for each
t € [0, 1] one has

lle*2|| < eIz < el 4|z,
then it follows that

1 1 3
etz = SellAllz] < eAlaf] 4 SelAla] < Sl

Let X := 2¢ll4llz and 2 := —ell4llz. An application of inequalities (2.3)

gives:
1 1
0 S/ |let4z||2dt — H/ etAzdt
0 0

On the other hand
1
/ etAzdt = A7 et — 1)z,
0

2
< e2|\AH||Z||2_

J
1

and so in view of (5.1) we get

1
A (A~ T2 < / et 2] 2dt
0

IN

9
1471 A = DIPJ + eI 212,
and, moreover:
1
9
sup / |letAz|2dt < ||[A7 (e — I)|? + =l
l|z]|<1J0 4

2. Let €, p and 2z be as above. Consider f(t) = e ~Y5(B — A)e!Bz for each
t € Q, where A and B belong to L(H). After a simple calculation, [1], we
obtain:

1
1
/ fydt = = [P — eA] z.
0 2
On the other hand it is clear that || f(¢)|| < g(t) where
g(t) = OB B — AlIAl ]

Consider here only the case when ||A|| > ||B]|. In this case the map g is
non-decreasing and so

1FOI < g(1) = 1|B = Allel4]|2]]
for all ¢ € . The inequality (2.1) holds for
X :=2||B — Al|e!z and z := —||B — A|e/M] 2.
From the inequality (2.3) it then follows that

1 1
FE” = eMalP < [ )et0P (B etz Par
0

1

< 7 llle® —e® + 91| B — A2 | 2%,

W~ |

In particular, for B =1+ A and ||A|| > || + Al| we get:
(€2 +2e — 3) ||e?z]|? < 921411 |22,
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or equivalently

Ve + 2e — 3|le]] < 3ell4ll

. Let T = {T(t) }+cr be a strongly continuous group of linear and bounded

operators acting on a Hilbert space H and let A : D(A) C H — H be its
infinitesimal generator. We suppose that T is exponentially stable, that is,
there exist the positive constant N and v such that ||T'(t)z|| < Ne=*I||z||
for all t € R. Then it is well-known that A has a inverse in L(H). Consider
Q =R, p(t) = ve " and f(t) := e’I!IT(t)z for a fixed z € D(A) and
t € R. An application of the inequality (2.3) for X := 2Nz and z := —Nz
gives the inequality:

0o 9N2
< VI T (8) 2| Pdt < =—]|2])?
o< [ eTsipar < -1l
where the fact that
/ T(t)zdt = A 'T(t)2|*, =0

has been used. In particular, if A is a real or complex quadratic n-dimensional
matrix and
vo := sup{R(A) : det(Al, — A) =0} < v <0,

then there exists a positive constant N such that
o) N2
/ 6V|t\||etA||2dt§ 97
oo 4v

Here n is a positive integer, I, is the n-dimensional identity matrix and we
can take
N :=sup{e V||| : teR}.

. Let S = {S(¢) }+>0 be a strongly continuous semigroup of linear and bounded

operators acting on a Hilbert space H and let G : D(G) C H — H be its
infinitesimal generator. We suppose that S is exponentially stable, that is,
there exist the positive constants K and a such that |[S(t)|| < Ke " for
all t > 0. Then it is well-known that G has an inverse in £(H). Consider
Q= [0,00), p(t) := ae™* and f(t) := e*S(t)z for fixed z € D(G) and
t > 0. An application of the inequality (2.3) for X := 2Kz and z := — Kz
yields:

9N?

1 0o
G—l 2 < 7/ at S(t 2dt < G—l 2 -
letalP < 5 [ eliselpar < 167 + Gy

. A densely defined linear operator A on a Hilbert space H is said to be

sectorial if (0, 00) resides in the resolvent set of A and there exists M > 0
such that
(t+ 1)||R(t,A)|| < M for all t > 0,

where R(t, A) := (tI — A)~! is the resolvent operator of A.

Consider Q := [0,00), p(t) := (t +1)72 and f(t) = (t + 1)2R(t, A)*z for
a fixed z € H and every t > 0. In order to find suitable X and x we remark
that:

IFOI < (¢ + 1) |R(E AIR(E A)zl] < M2||2]].
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An application of the inequality (2.3) for X := 2M?z and z = —M?z
yields:

o 9
A7 < [ 1PRG AP P < (AP 4 A0
0

where the identity

was used.
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