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Abstract

In this article, using binomial series, we get some interesting recursive identities concerning
AGM, Ky Fan and Alzer’s inequalities, from which, all of these are handled by induction at
once.
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Throughout this article, let A1, Ao, - -+ A, > 0 with Z?:l Ai =1, and A,, and GG,, be the arithmetic

and geometric means of z1,--- ,z, > 0 respectively, i.e.
n n
Ap = N, G =[] (1)
i=1 i=1
Also, if z; € (0,1/2], we denote by A], and G/, the arithmetic and geometric means of 1 —zq,--- ,1—
T, respectively, i.e.
n n
Al = N1 —2), G, = [ -z (2)
i=1 i=1

There are three important inequalities concerning these means:
AGM inequality [4]:

Gn < Ay, (3)
Ky Fan’s inequality [3,1]:
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Alzer’s inequality [2,1]:

Equality holds in each of them if and only if zy = --- = xz,,.

In this article, first using binomial series, we get some recursive identities relating these means, and
then using these identities, we prove (3-5) by induction on n. This shows the power of binomial
expansion from one hand and the close relations between these inequalities from the other. All we
need is the following trivial lemma:

Lemma 1. Ifa,b> 0 and |§ — 1| < 1, then for each real A

(1= Nat == 4 3 (1) (1 . A) (b= a)*p' . (6)

k=2

Proof. Using binomial series [5], we have

a\1=A = /1=X\ /a k
6 =X () G-y
which by multiplying each side by b we get (6).
Corollary 2.
(4) If 2, > A,_1, then

o0

1- A, _
Ay =Gy = (A =)o+ R0 (U - bl

k=2

and

A, A, N\ 1 & —\, B
() e E (et

k=2

LY
n—1 )\ n—1 _T1—x,
where A,_1 =20, 25 and Gy = [[[2) 2

(12) If z; € (0,1/2], then

A= G = (AL = G (=) +Z ( A")<An-1axn)’“uas?«»“ﬁ (9)
and
A, (AL 1_%_'_ 1 Oo( 1)k~ 1—A\n (A (1 YLk (10)

where A7, | = Y"1 A ~(1—;) and G}, = [[}Z (1 —z) T =23

Proof.

(#) Since ‘AT: — 1‘ < 1, (7) follows from (6) by taking a« = A,_1,b = x,, and A = )\, in

the preceding lemma and considering G,, = G}l ’}” x)». Now, (8) follows from (7) by simply

dividing each side of it by G,,.



’

(#4) Since ‘fj;l 1‘ < 1, (9) and (10) follow similarly by takinga = A}, _;,b=1—z,,and A =\,

n

in the preceding lemma.

Now we prove (3-5) by induction on n. If n = 1, there is nothing to prove. Suppose n > 1

and the assertions hold for n — 1. If 23 = --- = x,, obviously equality holds in (3-5). Let not all
xfs are equal. By an rearrangement if necessary we can suppose that x, = ax ;. Now since
<i<n

ZTp —Ap—1 >0 and (—l)k’l(lfk’\") >0 (k> 2), (3) and (4) follow from (7), (8) and (10) with strict
inequalities.
Finally, using the mean value theorem, we have

A”L
(- = a-a) (G2) =G

1—2x,

An
=2 (372) " ot = G
n—1

= (4 -@nr) a-a)t

Y

where 0,,_1 € [Gp—1, Ap—1] and 0], _, € [G],_1, Al _];since xp, > Appoq > 0p_qand 1—z, <G, _; <
0!,_,. Now comparing (7) and (9) we get strict inequality in (5), and the proof is complete.
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