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Abstract o
In this paper, mainly using the convexity of the function % and convexity or concavity

a®—

of the function In cwfgi on the real line, where a > b > ¢ > d > 0 are fixed real numbers, we
obtain some important relations between various important means of these numbers. Also, we
apply the obtained results to Ky Fan type inequalities and get some new refinements.

2000 Mathematics Subject Classification: 26D15, 26A06, 39B62.
Keywords: Convexity, Jensen Inequality, Means, Ky Fan’s Inequality.

1 Introduction and Motivation

Suppose that a > b > ¢ > d > 0. It is shown in [6] that the function

a® — b=
f@)=Z—% (—00 <z < +00),
is strictly increasing on the real line, moreover hrf f(x) = 400 and lim f(z) =0. By a simple
calculation, we have
a—b L(C’d) J—
c=d T(a.b) z =0,
fl@) = § o= oz=t
a=b (Lo—1(ab)\ "™
c—d (Lz,i(c,d)) z#0,1,
f'(x) 1. I(a”,b%)
= 21 0 1
)~ x I (w70 W
—bL(c,d). G(a,b
f/(o) — a (07 ) ln (a’ )
c¢—dL(a,b)  G(c,d)
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Note that the notations L(a,b), Ly(a,b) and G(a,b) are well-known means between a,b > 0. We
recall them in the following table:

Name Notation Definition
arithmetic mean A(a,b) “TH’
geometric mean G(a,b) Vab
harmonic mean H(a,b) T i%

. . a a=>b
logarithmic mean L(a,b) { _asb g
a a="b
identric mean I(a,b) L o 2
c(gr)" a#bd
a a=
p—logarithmic mean | L,(a,b) Gt \ 7 p#£0,—1
(o) a#

Remark 1 (i) With above notations, we have the following limit cases:

lir% L,(a,b) = I(a,b), lim1 L,(a,b) = L(a,b). (2)
p*}

p——
(ii) The following inequalities are well-known in the literature:
H(a,b) < G(a,b) < L(a,b) < I(a,b) < Aa,b), (3)
and the equality holds in each inequality if and only if a = b.

In [3] it is declared that f is strictly convex on the real line, which by considering f(z) — 0 (x —
—00), it is a stronger result than being strictly increasing, and besides, the function

a® — b*

:l —
g(z) =In Z—pg,

is strictly convex if ad — be > 0, and is strictly concave if ad — bc < 0. Since, we can write f and
g in terms of means, we can use the convexity or concavity of them in order to get some relations
between different means mentioned in the above table.

In this paper, first we study these functions more closely and get some interesting inequalities which
are contained in the heart of these functions, and then as applications, using the achieved results,
we sharpen some Ky Fan type inequalities.

2 Study of the Functions =2 and In 2=

cT _da: cT _da:

In this section, we will prove our claims about the functions f and g. First g:
Theorem 2.1 Suppose a >b>c>d >0, and let

a® —b”

v —dv’

g(z) =1n

Then g is strictly convez if ad — bc > 0, and is strictly concave if ad — bc < 0. If ad — be = 0, then
g turns out to be a linear mapping.



Proof. Suppose that ad — be > 0. Since

(5)" -1 b
z)=In-2——+zxln—,
A O R
it is sufficient to show that ifa > b > 1, then In ‘;jj is strictly convex, and since In ‘;::} =In i in::} ,
it is sufficient to show that if @ > b > 0, then
e —1
u(z) =In e
is strictly convex. A simple calculation yields that
b26b:r a26aa:
" o
u'(z) = (e —1)2 (e —1)2 (z #0).
inh oz inh bz inh oz inh bz
So, for z # 0, u”(x) > 0 is equivalent to [sinh 2] lsm}; 2 |, or SMh o Smh Y But it is clear that
2 Ea

the function is strictly decreasing on (—o0, 0] and strictly increasing on [0, +00). This yields
our claim in this case.
In the case ad — be < 0, rewrite g as follows

sinh x
T

()" -1 b
g(z):fln()wi_lerlng.

SHISHISHIY

(§)-1
(H)=—1
If ad — be = 0, then g(z) = zln g; a straight line through the origin. This completes the proof. [

According to the above argument, the function — In

and so g, is strictly concave.

Now, consider the function f. If ad — bc = 0, then f(z) = (%)® which is clearly strictly convex.
If ad — bc > 0, g is strictly convex, and since the function ”exp” is strictly increasing and convex,
f=exp(ln(f)) = exp(g) is strictly convex. But, in the case of ad — bc < 0, we cannot use the above
method. Therefore, we go to prove the convexity of f independently.

Theorem 2.2 Suppose a >b>c>d >0 and

Then f is strictly convex on the real line.

a\r__ bz
Proof. Since ¢ > 2 > <> 1 and f(z) = () () , it is sufficient to consider

NOE
T) = a>b>c>1),
fly= 22" (a>b>e>1)
and since f(z) = % and Ina > Inb > Inc > 0, it is sufficient to consider
e _ ebac
ax bx
But, f(r) = 25— — z5—1, and so

e {[{a— e —af? + ety — cPr{[(b— et b2 4 2o}

f”(l’) = (ecz . 1)3



Therefore, it is sufficient to prove that for any fixed x > 0 (x < 0), the function
h(t) = e™{[(t — c)e® — t]* + e},
is strictly increasing (decreasing) on ¢t > c¢. But,
B (t) = ze™{[(t — c)e™ — t]* + e} +2(e“" — 1)[(t — c)e™ — t]e!™.
Since e'* > 0, the sign of h/(t) agrees with the sign of

K= he/g) = a{[(t — ) — ) + e} + 2 —1)[(t — )T — 1.

But,
E'(t) = 2z(e” — D)[(t — c)e™ —t] + 2(e™ — 1),

and
E'(t) = 2z(e —1)2.

So, if > 0, then k'(t) is strictly increasing, and so for t > ¢, k'(t) > k'(c). Also, if < 0, then
k'(t) is strictly decreasing and so for t > ¢, k'(t) < k'(c). But, k/'(c) = 2(e®® — 1)(e®* — 1 — cx), and
e —1—cx >0 (x #0). So, if z > 0, then &¥'(c) > 0 and if z < 0, then k’(¢) < 0. Thus, when = > 0,
we have k'(t) > k'(¢) > 0 (t > ¢) and when = < 0 we have k'(t) < k'(¢) < 0 (t > ¢). Therefore, if
x > 0, then k(t) is strictly increasing and if « < 0, then k() is strictly decreasing on [¢, c0). So, for
t > ¢, if > 0, then k(t) > k(c) and if z < 0, then k(t) < k(c). Now, let

u(z) = k(c) = zc® + xc?e® — 2c(e® — 1).

We have

U/(IL’) _ xc?)ecm o 626(::1: +02’

and

u(x) = wcte”.

Thus if > 0, then «”(z) > 0, «/(z) > v/ (0) = 0, and therefore, u(z) > u(0) = 0. Also, if x < 0,
then uv”(z) < 0 and v/ (z) < «/(0) = 0, and therefore u(z) < u(0) = 0. So for t > ¢, if z > 0, then
k(t) > k(c) = u(z) > 0 and if < 0, then k(t) < k(c) = u(z) < 0. So, for t > ¢, the sign of h'(t)
is same as the sign of . Thus if z > 0, then the function A(t) is strictly increasing on t > ¢ and if
x < 0, then the function h(t) is strictly decreasing on ¢ > c. So, if > 0, h(a) > h(b) and therefore
f"(x) > 0, and besides if z < 0, h(a) < h(b) and again f”(x) > 0. This completes the proof. O

3 Applications to Special Means

As we said before, the convexity of f is a strong equipment for establishing interesting inequalities.
For example, if a > b > ¢ > d > 0, we have the following nontrivial inequality

al—pb . a?—pd a®—pe . a®—be
cb—db cd_qd co_—da cc—dc
b—d a—c ’

since mqp < Me,q, where my, g denote the slope of the line segment joining points (e, f(a)) and
(6, f(B)). Some other results are given in the next theorems.



Theorem 3.1 Suppose a >b>c>d >0 and p,q# 0,—1. Then we have the following inequality

LP(a,b Li(a,b - g+l patl
p(a )Z q(a ) 14 p—q 1 I(a%,b77) : (4)
Ly(e,d) = Li(c,d) q+1 I(catl dath)
with equality holding if and only if p = q.
In particular
; )) (a,b) ( a,b) )
exp|1— < < exp -1, (5)
( L(a,) )~ I(c,d) L(c,d)
and fora >b >0,
b I(a,b) L(a,b)
1-— —1].
exp ( (. b)> <= <exp ( A (6)

Proof. Since f is strictly convex, we have

fo+1) = fla+ 1)+ (- f(g+1),
with equality holding if and only if p = ¢g. Considering this fact and (1) yields (4).

Now, if we put p = —1 and ¢ = 0 in the last relation, considering (1), we have
L(c,d) I(a,b)
>1-1
Lia,b) ~ e d)

which yields the left hand side of (5). Similarly, if we put p = —1 and ¢ = —2, then

—2 -1 p—1

b
respectively and considering L(a™',b™') = 2 L(a,b), we get the right hand side of (5).

Since

But, L:g(a,b) = ﬁ and é > % > % > % > 0. So, changing é, %, L and % by a, b, ¢ and d
- 1

L(a,b) $-—-1 I(a,b) ¢ a
b e M mTy Ty @)
putting z = £, the inequalities in (6) follow from
zlnz+Iner—2x+2>0 (x> 1),
(x—1)2—zln’z >0 (x > 1),
respectively. O
Theorem 3.2 Ifa>b>c>d >0, then
L(a,b) G(a,b) 2ab
1+1 8
Ted T Ged) T ab+ed ®
and
G(a,b)
L(a,b) S In &y (9)
I(ab) *
L(C, d) In I(c,d)
In particular, if a > b > 0, then
L(a,b) 1. a 2a In ¢
1+ =-In- . 10
b 7 T2 T avh gy el (10)



Proof. Since f(z) = %=5 is strictly convex, we have

c®—d=
f(0)z + £(0) < f(x) (z #0),

which by setting x = 1 and using (1), we get the first inequality in (8). The second inequality in (8)
is equivalent to

G(a,b) _ ab—cd

1 11
nG(c,d)>ab+cd’ (11)
which by putting = ab and y = ed, (11) follows from
Lt v (z>y>0) (12)
2y~ o+l Y '

But, (12) is obtained by the facts that the function h(z) = 1Inz — ;—ﬂ is strictly increasing on
[1,00) and 7 is greater than 1.

The inequality (9) follows from f’(0) < f/(1) and considering (1).

Considering (7) and putting = ¢, the inequalities in (10) follow from left to right from

In*z+2lnz —224+2<0 (x> 1),
zlnz+Inz—2x+2>0 (x > 1),
(22 = 1)Inz —4a(l —z +xlnz) <0 (x> 1),
respectively. This completes the proof. O

Now, consider the function g(z) = In Zj:gj It is evident from (1), ¢’(0) = In gggs; and for z # 0,
I(a”,b")

g(x) =3 T(c®,d®) "

Theorem 3.3 Supposea >b>c>d>0 and p,q#0,—1. If ad — bc > 0, then

() = () (i) "

If ad — be < 0, the inequality reverses. The equality holds if and only if ad —bc =0 or p = q.

Proof. If ad — bc > 0, then by Theorem 2.1, g is strictly convex and so considering the tangent line
at £ = g+ 1, we have

gp+1) =g9(g+1)+(p—a)d (g +1),
with equality holding if and only if p = ¢q. Now, considering (1), we get (13) with equality if and
only if p = q.
If ad — bc < 0, then g is strictly concave and the argument is similar.
If ad — bec = 0, then g(z) = xlng is linear, and so equality always holds in (13). O

In the cases p,q = 0, —1, we conclude the following nice result:
Theorem 3.4 Suppose a >b>c>d>0. If ad — bc > 0, then

H(a,b) G(a,b) L(a,b) I(a,b) A(a,b)
Hed) S Ged) S Led S Ied S Aed)

(14)

If ad — bc < 0, all inequalities reverse, and if ad — bec = 0, all inequalities turn out to be equalities.



Proof. Case I. ad — bc > 0. It is divided into two branches; a >b>c>danda>b>c=d.

If a > b > ¢ > d, writing the first inequality in (14) in terms of ¢ and g, it follows from the fact
that the function x + % is strictly increasing on [1, 00).

The second one follows from the fact that the slope of the line segment between (—1,g(—1)) and
(0, g(0)) is strictly less than the slope of the line segment between (0, g(0)) and (1, g(1)).

The third one follows from the fact that the point (0, g(0)) is strictly above the tangent line to the
graph of g at x = 1.

Writing the last inequality in (14) in terms of § and §, and considering (7), it follows from the fact

that the function ZI22 —In(z 4 1) is strictly decreasing on [1, 00).
If a > b > ¢ = d, all denominators in (14) are all equal to ¢, and so (14) follows from Remark 1, (ii).
Case II. ad —bc < 0. We have a > b > c>d or a =b > ¢ > d, and the result follows similarly by
using the strict concavity of g.

Case III. ad — bc = 0. It turns to two branches; a > b > c¢ > d and a = b = ¢ = d. To prove the
first case, proceed as the case I and use the linearity of g. In the second case, all the fractions in

(14) are equal to 1. O

Now, we give a nice example concerning some numerical sequences.
Example. For every n € N, we have

n+2 n+2 In(l1+2)
<141 < 2 15
n+1 i n In(1+ 1) (15)

n+1

and

In /202 In(l +2) 6)

(n+2) (142" T In(1 4+ L)
1 —(n+1)(1++%t)n ( n+1)

Also, we have

m+3 n+2(0+7)" In(1+2) _ /n+2<(n—|—2)(2n—|—1) an
) n '

<
2n+1 " n4+1 (14 1) In(1+ =5 n(2n + 3)

These are obtained from (8), (9) and Theorem 3.4, by puttinga =n+2,b=c=n+1landd=n
with considering ad — be < 0.

4 Applications to Ky Fan Type Inequalities

Throughout this section, given n arbitrary nonnegative real numbers x1, - - - , 2, belonging to (0, %],
we denote by A,, and G,,, the unweighted arithmetic and geometric means of x1, - - - , x,, respectively,
ie. . .
1 1
=1 i=1

and by A/ and G, the unweighted arithmetic and geometric means of 1 —x1,--- , 1 —x,, respectively,
ie.

1 n n

1

i=1 i=1



With the above notations, the Ky Fan’s inequality [2] asserts that:
Al < Ay

nooin 18
G~ G, (18)
with equality holding if and only if x1 = --- = x,.
In 1988, H. Alzer [1] obtained an additive analogue of Ky Fan’s inequality as follows:
Afn - an < An - Gn; (19)
with equality holding if and only if x1 =+ = z,.
Also, in 1995, J.E. Pecari¢ and H. Alzer [5], using the Dinghas Identity [4], proved that:
A" -G <A -G (20)
in which if n = 1,2, equality always holds in (20), and if n > 3, the equality is valid if and only if

T1 ="+ Tp.
Now, we use the obtained results in Theorems 3.2 and 3.4 and find some refinements and inverses
of Ky Fan’s inequality (18) and its additive analogues (19) and (20). Perhaps, the most interesting
results are:

Gy ~\Gn ’
A\ (AT (22)
c, =\a. ’

with equality holding if and only if v1 = - = x,.

These are easily obtained from the first inequality in (29) which need a great labor to handle them
directly.

Theorem 4.1 Suppose x1,--- ,x, € (0, %] not all equal. Then

’

’ ’ In =7 el
Al —acl [€] Al Gl

/! Apn—G A In AnG
A (An ) n n In 21 nbn

n " < 23)
G, Gy, (
_g! In G;L ’ 1 721 A
A\ BT oA g4
Gn Gn Gn’
and
AnGh n=GCGn
A,n g <A/n>1+ln\/AnGn <A;L> ﬁgﬁg; - (24)
—= < max | ==
Gy G Gy
Al G! —
< (A;l) (1+ln\/AZGZ> = < An
G, Gn’
which are some refinements of Ky Fan’s inequality (18).
Also,
AL
A In (é?
/’ln nn < z A 7LG n 9y (25)
An — Gn 1n (h) n n
Gn

which gives an inverse to (20).



Proof. Since 4, > G}, > A, > G,, > 0, using the first inequality in (8), we get the first inequality
in (23) and the last one in (24). The last inequality in (23), and using (19), the first one in (24) are
trivial. The other inequalities in (23) and (24) follow from (18) and (19).

For proving (25), note that f(—n) < f(0), where f(z) = F—¢". O
Theorem 4.2 Suppose 1, ,x, € (0, %] not all equal. Then
max
A" =GN \ANGL ) T AL -Gy \ALG
A, 1(4),.G, I(4,.G)
- IIle;1 - A;} _ G;L In IEAW’G") < min A;l - G;z In EAn,Gn; <1
1 An An - Gn ALGY An - Gn’ ALGh ,
na, In/ 325 Iny/ Fegn
and
) Al gl n
i veyers Al -Gl ApGh \ 2
A A I1GL.a A Apn—Gn A Al (A'H.Gn) 97
In (Lo \rraney < (22 < <2 )
a<(a) (&) &< (@) 0

which give some refinements and inverses of Ky Fan’s inequality (18).
Moreover,

= Q

B3

(28)

ATl 1n(A;L)(AInG:L)% <A/ Vel )3
n n < n n ,

Ann — Gnn < hl( )(AnGn) AnGn

wf3

Q

m

which gives some inverses of (20).

Proof. For proving the left hand side of (26), use ggzdbg > igzsg in Theorem 3.4 witha = A}, b=

G, ¢c=A,, d=G, and also with a = A", b = G/, ¢ = A,", d = G,,". For the second

n n

inequality in (26), use (9) with a = A/, b=G!, ¢ = A,, d = G,. The third and forth inequalities

n?

n (26) follow from ﬁfxigii <4/ :jGG;; in Theorem 3.4, and (19).
Putting a = A/, b= G, ¢ = A, and d = G,,, the first inequality in (27) follows from Theorem 3.4,
the second one follows from (9), the third one follows from (19), and the last one follows from (26)

by considering (20).

Inequalities in (28) follow from (26) and (18). ad
Theorem 4.3 Suppose 1, ,x, € (0, %] not all equal. Then
, AptGy Ap=Ch AptGy Ap=Gh
An <A"> T < i <A"> e (A”> Tl A (20)
G”n GTL n ’ Gn GTL ’
, , §<j’mg’n> Ap—Gyp
An < (/1”) (An,Gn) Al —GI < ﬁ (30)
G, G, Gy
which are some refinements of Ky Fan’s inequality. Moreover, we have
TN — A
A,G,, _ ln(Gz)An—Gn ln(Gzn)An ~Gn
Ve, <min g f—r——| , e < <1 (31)
nGh In(&=)4n—cn In( G257 ) A —cnT



Proof. Put a= A}, b=G), ¢c= A,, d=G,,. The inequalities in (29) follow from igzsg > igg’g
in Theorem 3.4, (19) and A, + G, < 4!, + G.,.
The first inequality in (30) follows from Theorem 3.4 and (19), and the second one follows from

ﬁézfg > gggsg in Theorem 3.4.

’ 1
From (29) we obtain (%) G < (4) A-an | considering this relation, we get (31) by solving the
. "A,G,

first inequality in (26) with respect to ZrZr. O
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