ON A TRIGONOMETRIC INEQUALITY AND ITS APPLICATIONS

ZHI-HUA ZHANG AND YU-DONG WU

ABSTRACT. In this paper, we establish the following trigonometric inequality and another two
similar inequalities:
8xy cos A(x cos B + ycos C)? < (2 +3°)?,
where A, B,C are the angles of triangle ABC and z,y > 0, with equality holding if and only if
(22 4+ y?)/2a = zb = yc. By its applications, we give some mobile point geometric inequalities.

<
>

1. INTRODUCTION

For x,y > 0, by using the well-known A-G mean inequality and the power mean inequality, we
have
(1.1) 8ry(z +y)* < (2 + %)%

In every triangle ABC, the following inequality holds:

1
(1.2) cos A(cos B + cos C')? < 3

with equality holding if and only if AABC' is an equilateral triangle.

In this paper, we establish an useful trigonometric inequality that relating inequalities and
, and by its applications, we give some mobile point geometric inequalities. In the final, we
obtain another two similar inequalities.

2. MAIN RESULTS
Theorem 2.1. Let A, B,C are the angles of triangle ABC'. If x,y > 0, then we have
(2.1) 8xy cos A(z cos B + ycos C)% < (2% 4 y?)?,

with equality holding if and only if x> +y* = 4xycos A, and xsin B = ysin C, or /(22 +y2)/2a =
xb = yc.

Proof. If A is an obtuse angle of triangle ABC, then (2.1]) is obvious.

If A is an acute angle of triangle ABC, from A, B, C are the angles of triangle ABC and z,y > 0,
and utilizing the facts that sin? 6 + cos?§ = 1,cos A = — cos(B + C) = sin Bsin C' — cos B cos C, we
get

(
( )
= (2% + y*)? — 8xycos A[(x? + y*) — 22y cos A — x%sin? B + 2zysin Bsin C — y?sin? C]
( )2 — 8zy cos A(x? cos? B + 2z cos B cos C + 2 cos® O)

( )

— 8xycos Az cos B + y cos C)2.
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That is the inequality (2.1]), with equality holding if and only if 22 + y? = 4zy cos A, and zsin B =
ysinC, or v/ (22 + y2)/2a = xb = yc. The proof of Lemma is completed. &

Corollary 2.1. Let A, B,C are the angles of triangle ABC. If x,y > 0, then we have

A B O\ 2
(2.2) 8zxysin o) (x sin 35 + ysin 2) < (x2 + yz)z7

C

with equality holding if and only if % + y?> = 4xysin g, and x cos % = Y COS 5.

Proof. Alter A — WEA, B — ”;B ,C'— ”EC, the corollary follows from Theorem and standard
arguments. i

The following corollary is obvious.
Corollary 2.2. Let A, B,C are the angles of triangle ABC. If x,y,z > 0, then we have
(2.3) 8z cos A(z cos B 4 y cos C)? + 8yz cos B(y cos C + z cos A)*
+8zxcosC(zcos A+ zcos B)? < (22 + 422 + (y? + 22) + (22 + 22)?,

(2.4) S'A 'B—G-'CQ—I-S’B 'C+‘A2
. zysin o | wsin o +ysin yzsin o | ysin o + zsin o

C A B\’
+8zx sin B <z sin5 + xsin 2) <@+ 922+ (P + 22 + (22 + 222,

with both equalities holding if and only if AABC is an equilateral triangle and x =y = z.

3. SOME MOBILE POINT GEOMETRIC INEQUALITIES

Theorem 3.1. For any point P inside NA1AsAs, denote PA1 = R1, PAy = Ry, PAs = R3, and
w1, we, ws be the bisectors of LAsPAs, LAsPA1, ZA1PAs. If x,y > 0, then

(3.1) 8xywi (xwy + yw3)2 < Rl(y2R2 + x2R3)2,

with equality holding if and only if \/(x® + y2)/2sin 3 LAy PAy = xsin /A3 P Ay = ysin $£A; PA,,
and P is the circumcenter of triangle A1 AsAs.

Al
E
=
P
A2 S A3
FIiGURE 1.

Proof. As figure |1} let LAsPAs = 20,/ A3PA; = 23 and LA PAs = 2, then o, and v are the
acute angles for a + 6 + v = 7, and

wy <V RoRgcosa, wy < v/ R3Rqcosf, wy < +/RiRscos7,

with equality holding if and only if P is the circumcenter of triangle A; AsAs.
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So, now we only need to prove the following inequality:

2
(3.2) 8xy+/ RaR3 cos a (x\/ R3Rycos 8+ yv/ R1Rs cos 7) < Ry (y2R2 + :L‘2R3)2,

or

(3.3) 8xy+/ RoR3 cos a (a:\/ Rz cos 3 + y+/ Rz cos 7)2 < (y2Ry + 2°R3)>.

Since Ry > 0, R3 > 0, we can take © — zv/R3,y — yv/Ra. Then (3.3)) is equivalent to inequality
(2.1). From Lemma we known inequality (3.1) holds. Thus, the proof of Theorem is
completed. I

Now, we give some corollaries from Theorem The proof of Corollary [3.3] will be left to the
readers.

Corollary 3.1. For any point P inside NA1AsAs, denote PA1 = R, PAs = Ry, PA3s = R3, and
w1, wy, w3 be the bisectors of LAsPAsg, ZAsPA1,ZA1PAs, then

(3.4) 8wy (wa + w3)2 < Ri(R2 + R3)2.
Proof. Let x = y = 1, the corollary follows from Theorem and standard arguments. I

Remark 3.1. Corollary is obtained a solution that Jian Liu posed a interesting mobile point
geometric inequality conjecture (3.4) in [1].

Corollary 3.2. For any point P inside ANA1A3As, denote PA; = R, PAy = Ry, PA3s = R3, and
r1,72,T3 the distances from P to BC,CA, AB. If x,y > 0, then we have

(3.5) 8xyry (zry + yr3)? < Ry(y>Ro + 2%R3)?,
and
(3.6) 8r1(r2 +13)* < Ri(Re + Ry)*.

Proof. From w; > r;, i = 1,2, 3, Theorem [3.1] and Corollary we easily find Corollary This
is proved. 1

Corollary 3.3. For any point P inside NA1AsAs, denote PA; = Ry,PAs = Ry, PA3s = R3,
w1, wo, w3 be the bisectors of LAsPAs, L/A3PA, ZA1PAs, and ri,r9,7r3 the distances from P to
BC,CA,AB. If x,y > 0, then we have

(3.7) 8xyri(xre + y'rg)2 + 8yzra(yrs + 2r1)? + 8zxrs(zry + x73)?
<8rywi (xwy + ng)2 + 8yzweo (yws + zw1)2 + 8zzws(zwy + .1"11}2)2
<Ri(y*Ra + 2% R3)? + Ro(2°R3 + 2°R1)? + R3(2%Ry + 2°Ry)?,

3.8 ry— + 8yz— + 8zx—
(3.8) wyR+yzR2+zR3

<8 Syz— + 8zox—

xyR + yZR2 o R3
y2R2 + $2R3 Z2R3 + CEQRl 2 JI2R1 + 22R2 2
<l +{— 4| ——
xrro + yrs Yyrs + zrq 2r1 + X719

and
(39) 8T1(T2—|—7"3)2—|—8T2(T3—|—T1)2+8T3(T1+T2)2

8wy (wy + w3)? + 8wy (wz + w)? + 8ws(wy + wy)?
<R1(Re + R3)2 + Ro(Rs3 + R1)2 + R3(Ry + R2)2.
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4. SOME ANOTHER RESULTS

Theorem 4.1. Let A, B,C are the angles of triangle ABC. If x,y > 0, then we have

(4.1) 8xy sin A(z cos B — ysin C)? < (22 + %),
with equality holding if and only if x* + y*> = 4zysin A and xsin B = ycos C; and
(4.2) 8xycos A(zsin B — ysin C)% < (2% 4 y?)?,

with equality holding if and only if 2% +y? = 4xycos A, and x cos B + ycos C' = 0.
We only prove inequality (4.1)), and the proof of (4.2]) will be left to the readers.

Proof. From A, B,C are the angles of triangle ABC and z,y > 0, and utilizing the facts that
sin? 0 + cos? @ = 1,sin A = sin(B + C) = sin B cos C + cos Bsin C, we find

0 < (2% 4+ y* — daysin A)? + 8xysin A(zsin B — y cos C)?

= (2? + y*)? — Szy(z? + y?) sin A + 16(zy)? sin® A + 8zysin A(x?sin? B — 2zysin B cos C' + y* cos* O)
(2% 4 y?)? — 8xysin A[(2? + y?) — 2zysin A — 22 sin® B + 2zy sin B cos C' — 32 cos® C]

= (2% 4+ y*)? — 8zysin A(z? cos® B — 2xy cos Bsin C + y*sin® O)

= (2® 4+ y*)? — 8zysin A(z cos B — ysin C)?,

that is inequality (#.1]), with equality holding if and only if 22 + 32> = 4xysin A and zsin B =
ycosC. I

By the same way of the section [2] from Theorem the following corollary holds.
Corollary 4.1. Let A, B,C are the angles of an acute triangle. If x > 0, then we have

A B C

(4.3) 8zy cos E(xsiHE — ycos 5)2 <@+ )2,

with equality holding if and only if x? + y* = 4xy cosé and z cos B = ysin %; and
A B C

(4.4) 8y sin 5(95 cos o — ycos 5)2 < (22 +2)2,

with equality holding if and only if % + y? = 4xysin %, and x sin g + ysin % =0.

REFERENCES

[1] Jian Liu. CIQ.47. Research in Inequalities Communication. No.7 (2003), page 94. (Chinese)

(Zh.-H. Zhang) Z1XING EDUCATIONAL RESEARCH SECTION, CHENZHOU, HUNAN 423400, P. R. CHINA.
E-mail address: zxzh1234@163.com
URL: http://wuw.hnzxslzx.com/zzhweb/

(Y.-D. Wu) XINCHANG MIDDLE SCHOOL, XINCHANG, ZHEJIANG 312500, P. R. CHINA.
E-mail address: zjxcwyd@tom. com



	1. Introduction
	2. Main Results
	3. Some Mobile Point Geometric Inequalities 
	4. Some Another Results
	References

