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Abstract

In this paper we introduce an alternative definition of the frac-
tional derivatives and also a characteristic class of so called ideal func-
tions, which admit arbitrary fractional derivatives (also integrals).
Further are found the expansions of the functions ze? L 2tanh x,

e —17 cosx’

(e o)
k
and some other functions of the form Z ak ‘Z—!, which enables us to
k=—oc0
calculate any fractional derivative of these functions at x = 0. These
calculations lead to representations of the Bernoulli and Euler num-
bers By and Ej for any complex number k, via fractional derivatives
of some functions at x = 0.
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1 Some new theoretical results for the frac-
tional derivatives.

Several authors have considered and introduced different methods for calcu-
lating of fractional derivatives of a given function (see [1]). An old idea for
more than 170 years is to use power series and to apply the fractional deriva-
tives to each summand. Later this method was considered by J. Liouville
and B. Riemann. Recently it was developed [3, 4], such that

> i\ () > i—a
(Z ai%) :i;w“i(ix— a)l’ (L)

1=—00

where 2! = T'(z+1). Note that (—1)! = (=2)! = --- = +00. The summands
for ¢ € Z~ play important role, although these summands are equal to zero.
Indeed, only a special choice of the ”left part” yields to satisfactory results,
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called "natural” representation. For example, the natural representations
for the functions e”, sinx and cosx are the following:

e = ; % (1.2)

e o p2itl
sin(x) = ; (_1)Zm, (1.3)
cos(x) = Z (—1) éi;!, (1.4)

such that we obtained [3, 4] from them the usual classical fractional deriva-
tives. In this paper we consider the "natural” representations for the func-
tions x cot x, %, Snz and some other functions. In this section we repre-
sent an improved version of this idea, by distinguishing a class of analytical
functions which have ”"natural” representations for ¢ € Z.

Now let us assume that an analytical function f can be written in the

form
a—i—z

Z Sy Pl (x#0if a¢ Z), (1.5)

i=—00

which means that the sum of the right side (including the summation of
divergent series) converges to f(x), for  # 0. The formal calculation of the
(o +i)-th derivative at = = 0 yields that f(®+9(0) = a;. Hence

gt

@+ (g
Z FeO S (1.6)

i=—00
where « is an arbitrary real or complex number. More generally

:OO (‘“‘i)xw x#xy if ad”Z 1.7
> eI e tm gz, 0

i=—00

which generalizes the ordinary Taylor’s series.
On the other hand, if f admits fractional derivatives (integrations are
also included) of arbitrary order, let g = f(®). If we write g as a Laurent’s

series
- E a;—,
7!

i=—00

then

)y
fl) =49 Zala—i—z

i=—00
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and f can be written in the required form. Namely, we proved the following
proposition.

Proposition 1.1. If f admits fractional derivatives of arbitrary order,
then f satisfies the equalities (1.6) and (1.7).

The previous discussion naturally yields to the following definition of
fractional derivatives.

Definition 1.1. Assume that an analytical mapping f can be written
in the following form

B ({E _ xo)a—i—i ]
f(x)—i;oocim7 (x #xo if a ¢ Z),
for each « € R (or o € C). Then f together with the above representations
is called ideal function and we define f(+9)(z) := Cy, (i € Z).

The functions e®, sin(z) and cos(x) are ideal and the corresponding
representations for arbitrary « are the following (see [3, 4])

(o) oz+i

. x
e’ = g s
= (a4 9)!

e} . i

. . (a+i)m  zott
sin(x) = i}_oo sin ~— et

e (a+i)r  xot
cos(z) = i_%oo cos —— TaTr

Using the new definition we come to a natural representation of any ideal
function. Namely, let f be such an analytical function and let in Taylor

series it is written as Z a;%. The problem is how to find the coefficients

=0
a_1,a_o,... form the ”zero part” of f. Let g = f(=® and let b, (i€ Z)
and « ¢ Z are such that

il

00 a+z

Z bZ (a+1)!

—00

Then
f(z) =g (a Z by
1=—00
Obviously b; = a; for i € Ny = N U {0} and we define a; = b; for i €
o0 .
Z~. Hence f is written in the required "natural representation” > ai%.
i=—00

Moreover, the coefficients a_1,a_o,... do not depend on the choice of a.
Note that if we know the natural representation of an ideal function f, then
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all fractional derivatives of f are known. So the main problem in examining
of an ideal function is to find its natural representation. Note that natural
representation may exists also if the function is not ideal. In that case
we can use it for calculating the fractional derivatives according to the old
definition of [3, 4].

Looking at this theory axiomatically, we have a class Z (ideal functions)
of analytical functions f, such that

(i) for each f € Z and each o € (C'\ Z) there exists the decomposition
> (x — x0) Tt
flz) = Z O (1.8)

1=—0Q

which has the same meaning discussed for (1.5), such that ¢ should be
replaced also by t — xg, and where we define C; = (@t (2¢); if a € Z, we
choose the natural representation

(2= 0)’
fa= Y el

1=—00

(ii) If f € Z, then

o=y C"W €I, (BeO),

i=—00

where f is given by (1.8).
To the end of this section we give some properties of the ideal functions.
1. The set of ideal functions Z can be separated in a quotient set Z/ ~,
where the equivalence relation ~ is defined by f ~ g iff there exists a € C,
such that f(®) = g. Each such class determines unique sequence a;, (i € 2),
o0 .
such that Y aif—; € Z. Namely, then

1=—00

s anri St £L‘i
PO e R Py
1=—00 1=—00
for arbitrary o € C. Moreover, from the definition of ideal functions it
follows that 2™ f(x) is an ideal function if f(x) is an ideal function and n is
a positive integer.

2. 7 is a nonempty set because e”,sinx,cosz € Z. The zero function
is also an ideal function. The set of ideal functions is a vector space, such
that if f,g € Z, then Af, f + g € Z. Note that also f(Ax) € T if A # 0 and
flx+X) el

n
3. If P is a polynomial, P(z) = >_ ak””k—]:, with known coefficients ag,
k=—oc0
ai, -+, Gn, then a_1, a_o, a_z, -+ are not uniquely determined such that P

is an ideal function. In the remark of section 4 is constructed a wide class
of polynomials P which are ideal functions.
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2 Expanding of the Bernoulli numbers.

Now we shall expand the Bernoulli numbers By, for integer k£ and also for
complex number k. Although the Bernoulli numbers are defined by the
development

1 2 3

X X X X
—By+By= 4+ By— + B3 —
er — 1 o+ Brgy + Bagr+ Bay

it appears more convenient to consider modified Bernoulli numbers B} via

the development of the function % +x = 355 as

xe” . Lt L2 LT3

A TR TR
Now we get: BS =1, BT = %’ B; = %7 BZ = _3710’ Bg = TIQ’ Bg = _%a
Biy =&, ..., while B = B = B = By = --- = 0. Note that B; = B} for

i # 1 and By = —Bf. According to the formula (2.4.3) in [2, p.19] we have
B3, =—2m((1—2m), m=123"- (2.1)

where ( is the Riemann Zeta function, i.e. its analytical continuation. Since,
¢(—2m) =0 for m=1,2,3,---, from (2.1) we can write

By =—p-((1-p), p=1,2,3,---. (2.2)
Moreover, we accept by definition that for each complex number «,
Bi=-a-C(l-a), for [C(1-a)|#oc (2.3)

Further we shall consider the recurrent relations for the modified Bernoulli
numbers. Starting from the ordinary equality

x x * * xl * LE2 * ':CS
and equalizing the coefficients of both sides in front of " *! we obtain:
| B, B, B, . . B
nl o plll (n=D1R20 0 (n—=2)131 " 0l(n+ 1)!

and hence by multiplication with (n + 1)! we get

1 1 1 1
n+1= B} nt +Br_4 mt +B;_, mt +...+B; mt , m € Np.
n n—1 n—2 0

This formula together with Bj = 1 is the recurrent relation in finding
the sequence of Bernoulli numbers whose indices are nonnegative integers.
Rewriting this equality in the form

o0

n+1 .
n+1—z<n+1_k> ok (2.4)

k=1
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we prove the following proposition.
Proposition 2.1. The equality (2.4) is true for each integer number n.

Proof. If n is a nonnegative integer, we saw that it is true in the
previous discussion. It is also true for n = —1 because it reduces to 0 = 0.
So, we should prove it for n € {—2,-3,—4,---}.

Using the equality (2.2) we obtain

> TL+1 % - > 'I/L+1 s i1 TL+1*I€ n—k __
> n+1 n+1—k = i+1:.n—k
Z( k >2"+1—k—1z(1) b7
k=1 1=1
oo
n+1\ n+1—-k .
=Z< k >2n+1z€_1'<(’”~—”)(1—21 ).

1

Now, let us consider the function f(z) = > ("{')(k —n — 1)z*~" and
k=1
later find f (%) We notice that

fl@) _~(n+1 e
x2_k_1< & )(k—n—l)xk 2

and hence

Hence it is easy to obtain

s =[(1+8)"" - e < 0= (102

and since n < —2, we obtain finally

g(nzl) ;Jrlk:ji:;f(;) :(n+1)§:[jn_(1+j)n]=(n+1),
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3 Natural representation of 1/ cosx and Euler
numbers.

In this section we shall consider the function

T
= FE —.
coS T Z 2” 1’ ] < 2

The numbers Fyj; satisfy the recurrent relation

2 P P
Ep =1, E0—<;)EQ+<:>E4—...+(—1) (2n>E2n:0

and the numbers (—1)*Ej, are known as Euler numbers.

We start from the development of the function ﬁ in Fourier series

1
cos T

(o)
=2 Zcos(n - l)g - CcosSnx.

This equality implies the following consequence. Replacing cosnx =
o0
S (=1)kn?k 2> we obtain

Pty (2k)1
1 > T = x2k
=9 — 1= -1 k, 2k < _
cos T 7; cos(n —1) 2 k;m( )'n (2k)!
o0 o0 22k o 22k
= (Z cos(n =13 ) oy @ = 2 P
k=—oc0 n=1 k=—oc0

where Eo, = (—1)’“2( Z n?k . cos(n — 1)%) Hence we obtain the required

natural representation of . Note that the numbers E_o; can easily be
calculated numerically, because

1 1
_ k
E,Q}c—(—l) 2(1_ﬁ+5k ﬁ—f—), k € N.
The recurrent relation for £E_o, E_4, E_g, ... is given by
2k +1 2k + 3 2k +5
E—Qk—< 9 >E—2k—2+< 4 )E—Qk—4—< 6 )E—Qk—6+--~ =0,keN

and it can be proved analogously as it is proved for the Bernoulli numbers
Bj (Proposition 2.1).
If Coim is an ideal function, then for arbitrary «, the a-th number E,

should satisfy
de 1
Po = g (cos3)
dx® \cosx

bl
=0
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and using the Fourier series it is easy to obtain

E, = QCOS% Zna -cos(n — 1)%

n=1

Specially, Fog+1 = 0 for k € Z.
Proposition 3.1. —— is an ideal function, such that

a+J
E
cos T Z aﬂ + )
Jj=—00
Proof.
Z B a+]
a+j
= (a+5)!
(a —|—j zotd
2 cos ——— ( noti. cos(n — 1 )
> > e
j=—00

. ) Oc+j
—Zcosn—l ZQCOS poti. 2 ST
n=1 j=—o00 (Oé+])

oo ) ) +5j
_ ZCOS n— 1 Z |:€1v (a-gj)w n e_i ((N‘;J)ﬂ' na"‘j . Jad j |
2. =, (o +j)!
e 0 /2, a+j —im/2 a+j
= Z cos(n — l)g z [(e nm)' + (e nx')
n=1 j=—o0 (Oé + j) (a + ])

M

o0

T, . . T 1

_ 1) L (gin —inzy _ 9 —_ 1= — .
2 cos(n — 1) 5 (e* 4 7% 321 cos(n )2 cosnT = ——

Corollary 3.1. The function

L s an ideal function, such that
cosh z

1 0 71 a+iEa i )
_ Z ( ) : + xa+z
cosh z (o +19)!
Proof. The function —— is an ideal function because —— = f(iz),
1

where f(z) =

cosx”

4 Representations and natural representations
of some other ideal functions.

In this section we shall consider some functions whose coefficients of the
Taylor series contain Bernoulli numbers.
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Proposition 4.1. The function s an ideal function, such that

T
e*—1

St a+ti
€z 1+a * z

1=—00

Proof. Using the identity (2.3) we obtain

e’} P a—+1 ee] e [e%s) N anﬂ_
Z_;OO( )HQB:;HW:Z_;OO(*UJF [;(a+z)n + ]W

fﬁ‘i is an ideal function, such that

00 .
anrz

re®
= ) S — . 4.2
et — 1 Z aJ”(Oé—f—Z')!’ aeC ( )

1=—00

Proof. Namely, 2=
f(r) = %5 is an ideal functlon
Corollary 4.1. For each a € C,

4 (e )
dz® \e* — 1/ lz=

Remark. In Propositions 4.1 and 4.2 were obtained the natural repre-

¢ = f(—x), where

= B~ (4.3)

«

: T ze”
sentations for %5 and 7%:
& i T > 7
x LT xe x
- Y (B, -y B
e*—1 1! e*—1 gl
1=—0Q 1=—00
. x . . .
Both functions %5 and %5 with the corresponding representations are

ideal and hence their dlfference

" x T B* —1 B* $—3 B* $_5
@) = Gy~ a o By P B Iy 2B

(4.4)

is also an ideal function.

This function h generates a family of ideal polynomials P, using the
following generator transformations:

i) if P € P, then P(® € P for each a € Z,

ii) if P € P, then 2" P € P for each nonnegative integer n.

iii) if P,@Q € P, then AP + u@Q € P for each scalars A, p.

Proposition 4.3. The function x - cot x is an ideal function, such that

xtd

fre S 20 gos AHIT g C. (45
x-cotx = Z cos 5 . o+ o )1 aeC. (4.5)

j=—o00
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Proof. A simple transformation shows that = - cotz = w,

. (o]
where f(z) = 25 = > Bz’];—,,c
k=—o0
Hence the function x cot x is an ideal function and its natural represen-
tation is given by

0
ka

ko2k *
x-cotx = Z (—1)%22 ~sz-®. (4.6)
k=—o00
According to Proposition 4.2, the general representation for arbitrary « is
given by

voeotr= 3 > (8o, B L)

Fat )l T (a+ )

o . 1 a+j
= Z 217 cos (OH_])?T-BZJF» T
2 T o+ j)!

As a consequence we obtain the following representation for the Bernoulli
numbers.
Corollary 4.2. For each a € C,

«
dz—a(ﬂc - cot x) T 2% cos % - B?. (4.7)

x
sin x

Proposition 4.4. The function is an ideal function, such that

o0 . ;
x ; (a+i)r  aott
= B*, (2 — 2% cos . , a€cC. 4.8
sin z Z il ) 2 (o +19)! (48)
i=—00
Proof. We start from the identity Sirlm = cot 5 — cot z and thus 7 is
an ideal function. Further, from
x x x
—— =2—.cot— —x-cotx (4.9)
sinx 2 2

T .
sinz *

and from (4.6) we obtain the natural representation of

& $2k
= 3 (0 2B g

k=—o0

T

sinx

Using the formulas (4.9) and (4.5), the general representation for arbitrary
o is given by (4.8).
Corollary 4.3. For each a € C,

jxi‘"(siix) :

= (2-2%)cos 77 B (4.10)
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Proposition 4.5. The function % is an ideal function such that
P oo an’,i
— -1 1+a 1— 2a+z B* v
er 4+ 1 iZE_DO( ) ( ) a+1i (Ol + Z)

Proof. Using the identity (2.2), we obtain

s . . ot
i;oo(_l)w(l 2 Ba (ati)
00 ) 0 1 xa+i

(—nz)oti (=20
=T, ) (@+i—1)!

n=11i= n=11i=—o0
= = z 2z z
_ —nT _ 9 —2nx _ _ _ .
x;e x;e e?—1 e*—-1 e"+1
Corollary 4.4. The function - eT+1 is an ideal function, such that
= i (4 - 1)B, (4.11)
et + 1 _i:7oo a—H(Oé—f—’L)" .
whence J
—(— =(2*-1)B:. 4.12
dze (e"c + 1) ( )Ba ( )
Proof. The function f(z) = f"+1 is an ideal function, and hence 255 =

—f(—x) is also an ideal function, i.e. the equalities (4.11) and (4.12) hold.
Proposition 4.6. The function xtanhx is an ideal function such that

o a+i
_ § : a+1 * at+i_ T
zrtanhx = i:700(2 — 1)Ba+i -2 W
Proof.

T —e® -1 2 -2

xtanhz::pe. ¢ - = ICORI| I), (4.13)
er+e® 621 +1 2

where f(z) = Z%7. According to Proposition 4.5 by (4.13) we obtain that

x tanh z is also an ideal function.
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Since
o0

fl)= 30 (D0 -2)Bi 5,
we obtain
JQx)+f(—2z) = i (172i)B*%[(71)i+1] -9 i (17221‘)]3* 92 z?
N 1=—00 i it B i—— o0 z (22)'7
i.e.
> 2i

_ 2i x o2 L
xtanhz = i;@@ —1)B;, -2 Chik

According to Proposition 4.5, the general representation for arbitrary « is
given by

xtanhz = Z (2ot —1)Br 20t

1=—00

xa-{-i
(a+1i)!

Corollary 4.5. For each a € C,

(o3

d—(m tanh z)

— = (2% — 1)B" - 2°.

z=0
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