THE WEIGHTED ELEMENTARY SYMMETRIC MEAN

ZHEN-GANG XTAO AND ZHI-HUA ZHANG

ABSTRACT. We give a definition of the weighted elementary symmetric mean, and obtain a class
of inequalities for the same mean.

1. INTRODUCTION

Definition 1.1. Let a = (ai,a2, - ,a,), where a;,1 < i < n be non-negative real numbers, and
let  be an integer for 1 < r < n, then

i1ig b tin=r n

(1.1) er =ep(a) = Z Haij

0<lin iz, ,in <1 j=1

is called the r-th elementary symmetric function of a, where the sum is over all (J)n-tuples of
non-negative integers with iy +io + -+ + i, =71, and 0 < 41,49, ,in, < 1. In addition eg = 1. We
note that

Er
(1‘2) br = pr(a) = )

n

()

(r=20,1,--- ,n) is called the r-th elementary symmetric mean of a.
Theorem 1.1. (Newton [1] and Maclaurin [2]) Let a = (a1, a2, - ,an)be a group of n non-negative
real numbers, and r be an integer with 1 < r < n, then
(1.3) pr(a) = pr—1(a)pr+1(a)
and
(1.4) [pr(a)]'7 > [prsr () /Y
with both equalities holding if and only if a1 = a2 = -+ = an.

The inequality ([1.4)) can be deduced from (|1.3)), since

pipaps - p2 = (pop2)(p1 p3)2(papa)® -+ (Pr—1pr1)"

gives pri ™! > pr ,, this is equivalent inequality (1.4)).
In this article, the weighted r-th elementary symmetric function and the same mean of a for the
positive weight number A = (A1, A2, -+, A,) be defined, the weighted formula of inequalities (/1.3

and ((1.4) be obtained.
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2. MAIN RESULTS
Definition 2.1. Let a be a group of n non-negative real numbers, A be a group of n positive weighted
numbers, and v be an integer for 1 <r < n — 1,then

i1+igtFin=r n

(2.1) er(ad) = ) ZAFZA% Hazj

0<iy iz, ,in <1 k=1

1s called the r-th weighted elementary symmetric function of a for the positive weight A, where the
sum is over all (J) n-tuples of non-negative integers with iy +ig+- - -+in = r,and 0 < i1,ig, -+ i, < 1.
In addition we have eg(a,\) = > 7 | N;. And the r-th weighted elementary symmetric mean of a
for the positive weight A is defined by

er(a,\)
n—1\ &
(") E
(r=0,1,--- ;n—1).

To prove the following Theorem2.1] the following lemma [3] will be used.

(2.2) pr(a7>‘) =

Lemma 2.1. if the real polynomials of n-order

(2.3) f(z) = Z ot

which have only real roots, and ¢; = (I')d;, (1 < n), then

(2.4) d? —d;_1diy1 >0 (z—l 2, ,n—1),

over and above x1 = x9 = -+ = Xy, the equality (2.4 (ﬂ) be rigorous. Where x;(1 < i < n) are the
real roots of the polynomials .

Theorem 2.1. Let a = (aj,a2, - ,a,) be a group of n non-negative real numbers, \ is a group of
n positive weighted, and let r be an integer, 1 <r <n —1, then

(2.5) p(a,A) = pro1(a,\)prii(a))

and

(2.6) pr(a ] 2 [pria(a, )]/ OHY

with both equalities holding if and only if a1 = a2 = -+ - = an.

Proof. Set a polynomials

(2.7) flz) = Z i H (a; + x) Z CiT
i=1 =1
] =
J#i
In addition po(a,\) =1, and if 1 <i < n — 1, then we have

¢ = (n’:i 1) JZZAJ Prio1(a;)) = <”;1> (5 A s (a )

Let 0 < a; €as < - < ayp, then we have

F(=o0) > 0,if m be a even number,
< 0,if n be a odd number,
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n
ML —an =0

f(=az2) = Aa(a1 — a2) H (aj —a2) <0

=3
f(=a2) <0, f(=z3) =0,---,

Fl=an) > 0,if n be a even number,
"1 <0,if n bea odd number,

and f(+o0) > 0. That is polynomials (2.3) which have (n — 1)'s roots in the real set R. If
x;(1 < i < n) be the real roots of the polynomials (2.3), and let 21 < 29 < -+ < 2,1, then

—ap K21 < —Ap1 S22 < —a2 < Tp1 < —A1

and
(2.8) f(a:):Z/\i H (a; +x) = Z)\ H (x — ;)
=1 _]:]. 3
j#i

From Lemm we have

ZA Pr—i—1(a; \)] ZA Pr—i2(a; A)H(Zmpn,i(a;x)] >0
7j=1
ie.
Prei—1(42) 2 Priza(@; pn—i(@; ) (1 < i <m = 1),
That is the inequality (2.5, with equality holding if and only if (n — 1)’s real roots z;(1 < i < n)

of the polynomials (2.3]) be equal, or 1 =29 = --- = ,,_1, and a3 = a3 = - -- = a,,_1, therefore
(2.9) flz) = (Z Az — 1)
i=1
and
n n n A1ay + asg z )\j + \pa1
(2‘10) f(SL‘) = Z )\i H (aj + l‘) = (Z )\i)(ag + $) 222 +x
i=1 j=1 i=0 2 i
jAi =

From (2.9)), (2.10) and a2 = —z1, we have

n

Alan +az Y0 Aj + Anay
as = 7]122
> A
i=1
that is
(2.11) )\1(&2 — an) + )\n(ag - al) =0.
Pay attention to arbitrary Aj, A,, the equality (2.11) is true, therefore a; = a, = a. That
be said the inequality (2.5) with equality holding if and only if a; = ag = -+ = a,,.The proof of

inequality (2.5)) is completed.
We may discuss the inequality (2.6]) in the same way as in the part 1 that proof of the inequality

239). O
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Let A\; = A2 = .-+ = A, then the inequalities (2.5) and (2.6) become the inequalities (|1.3) and
(1.4), respectively.

3. CONCLUDING REMARKS

R.E.Muirhead in [4] and A.E.Jolliffe in [5] respectively obtained the following two identities (3.1)
and (3.2)):

Theorem 3.1. If p,. be the r-th elementary symmetric means of a , then the following identity
holds

n—1
1 2%\ (k, k)
2 _ )
(31) Dr — Pr—1DPr+1 = Z <k> Py

()5

where
r—k—1 r+k—1
(k. k) = Z( H a?)( H aj)(aTJrk - ar+k1)2
j=1 j=r—k
the summation extending over all such products obtainable from a1, as,- -+ , ay.

Theorem 3.2. If p,. be the r-th elementary symmetric means of a , then the following identity
holds

n! 2,
(3’2) [(T— 1)!(71—7’— 1)‘} (pr _pT—lpT+1)
— (0= D Y (1~ @D + gy e - s — )

3!(n —5)
r—D(r—-2)(n—r—1)Mn-r—2)
where cf:fis the sum terms of the product r — 1 numbers of n — 2 number ap which differs from

ai, ag;similarly,cfjg, c:f:g, -+ can be obtained, from these.

+ > (a1 — a2)*(a3 — as)*(a5 — ag)*(c}75)> + -+

We conclude the paper by asking: please find an identity for the r-th weighted elementary
symmetric mean similarly identities (3.1)) and (3.2).
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