New Inequalities of the Kantorovich Type for Bounded Linear Operators in Hilbert Spaces

S.S. Dragomir

Abstract. Some new inequalities of the Kantorovich type are established. They hold for larger classes of operators and subsets of complex numbers than considered before in the literature and provide refinements of the classical results in the case when the involved operator satisfies the usual conditions. Several new reverse inequalities for the numerical radius of a bounded linear operator are obtained as well.

1. Introduction

Let (H, ⟨., .⟩) be a Hilbert space over the real or complex number field K , B(H) the C^∗ -algebra of all bounded linear operators defined on H and A ∈ B(H). If A is invertible, then we can define the Kantorovich functional as (1.1) K (A; x) := ⟨Ax, x⟩ ⟨ A^{−1}x, x ⟩ for any x ∈ H, ‖x‖ = 1. As pointed out by Greub and Rheinboldt in their seminal paper [22], if M > m > 0 and for the selfadjoint operator A we have (1.2) MI ≥ A ≥ mI in the partial operator order of B(H), where I is the identity operator, then the operator Kantorovich inequality holds true

(1.3) 1 ≤ K (A; x) ≤

(M + m)^2 4mM , for any x ∈ H, ‖x‖ = 1. An equivalent additive form of this result is incorporated in:

(1.4) 0 ≤ K (A; x) − 1 ≤

(M − m)^2 4mM , for any x ∈ H, ‖x‖ = 1. For results that are related to the operator Kantorovich inequality we recommend the classical works of Strang [41], Diaz & Metcalf [2], and Householder [24], Mond [29] and Mond & Shisha [32]. Other results have been obtained by Mond & Pečarić [30], [31], Fujii et al. [11], [12], Spain [38], Nakamoto and Nakamura [33],

1991 Mathematics Subject Classification. Primary 47A12, 47A30; Secondary 47A63. Key words and phrases. Kantorovich inequality, Grüss inequality, Bounded linear operators, 1

Furuta [15], [16], Tsukada & Takahasi [42] and more recently by Yamazaki [45], Furuta & Giga [17], Fujii & Nakamura [13], [14] and others.

Due to the important applications of the original Kantorovich inequality for matrices [25] in Statistics [26], [40], [27], [36], [43], [39], [46], [35], [44], [28] and Numerical Analysis [19], [20], [37], [1], [18], any new inequality of this type will have a flow of consequences in the areas of applications.

Motivated by the interest in both pure and applied mathematics outlined above we establish in this paper some new inequalities of Kantorovich type. They are shown to hold for larger classes of operators and subsets of complex numbers than considered before in the literature and provide refinements of the classical result in the case when the involved operator A satisfies the usual condition (1.2). As natural tools in deriving the new results, the recent Grüss’ type inequalities for vectors in inner product obtained by the author in [3]-[8] are utilized. In the process, several new reverse inequalities for the numerical radius of a bounded linear operator are derived as well.

2. Some Grüss’ Type Inequalities

The following lemmas, that are of interest in their own as well, collect some Grüss’ type inequalities for vectors in inner product spaces obtained earlier by the author:

Lemma 1. Let (H, ⟨., .⟩) be an inner product space over the real or complex number field K , u, v, e ∈ H, ‖e‖ = 1, and α, β, γ, δ ∈ K such that either (2.1) Re ⟨βe − u, u − αe⟩ ≥ 0, Re ⟨δe − v, v − γe⟩ ≥ 0 or, equivalently,

(2.2) ‖ ‖ ‖ ‖u − α + β 2 e ‖ ‖ ‖ ‖ ≤ 1 2 |β − α| , ‖ ‖ ‖ ‖v − γ + δ 2 e ‖ ‖ ‖ ‖ ≤ 1 2 |δ − γ| . Then |⟨u, v⟩ − ⟨u, e⟩ ⟨e, v⟩| (2.3)

≤ 1 4 |β − α| |δ − γ| − [Re ⟨βe − u, u − αe⟩ Re ⟨δe − v, v − γe⟩]^{1/2} , | | |⟨u, e⟩ −^{α+β}_2 | | | | | |⟨v, e⟩ −^{γ+δ}_2 | | | . The first inequality has been obtained in [4] (see also [10, p. 44]) while the second result was established in [5] (see also [10, p. 90]). They provide refinements of the earlier result from [3] where only the first part of the bound, i.e.,^1_4 |β − α| |δ − γ| has been given. Notice that, as pointed out in [5], the upper bounds for the Grüss’ functional incorporated in (2.3) cannot be compared in general meaning that one is better than the other depending on appropriate choices of the vectors and scalars involved.

Another result of this type is the following one:

Lemma 2. With the assumptions in Lemma 1 and if Re (βα) > 0, Re (δγ) > 0 then |⟨u, v⟩ − ⟨u, e⟩ ⟨e, v⟩| (2.4)

≤ 1 4 |β−α||δ−γ| [Re(βα) Re(δγ)]^{1/2} |⟨u, e⟩ ⟨e, v⟩| , [( |α + β| − 2 [Re (βα)]^{1/2} ) ( |δ + γ| − 2 [Re (δγ)]^{1/2} )]_{1/2} × [|⟨u, e⟩ ⟨e, v⟩|]^{1/2} . The first inequality has been established in [6] (see [10, p. 62]) while the second one can be obtained in a canonical manner from the reverse of the Schwarz inequality given in [7]. The details are omitted.

Finally, another inequality of Grüss’ type that has been obtained in [8] (see also [10, p. 65]) can be stated as:

Lemma 3. With the assumptions in Lemma 1 and if β ≠ −α, δ ≠ −γ then |⟨u, v⟩ − ⟨u, e⟩ ⟨e, v⟩| (2.5)

≤ 1 4 |β − α| |δ − γ| [|β + α| |δ + γ|]^{1/2} [(‖u‖ + |⟨u, e⟩|) (‖v‖ + |⟨v, e⟩|)]^{1/2} . 3. Operator Inequalities of Grüss’ Type For the complex numbers α, β and the bounded linear operator A we define the following transform (3.1) C_{α,β} (A) := (A^∗ − αI) (βI − A) where by A^∗ we denote the adjoint of A.

The following proposition collects some of the immediate properties of the transform C_{α,β} (·) and can be easily proved by applying the definition (3.1):

Proposition 1. For any α, β ∈ C and A ∈ B(H) we have: (3.2) C_{α,β} (I) = (1 − α) (β − 1) I, C_{α,α} (A) = − (αI − A)^∗ (αI − A) , (3.3) C_{α,β} (γA) = |γ|^2 C α_{γ ,} β_γ (A) for each γ ∈ C \ {0} ,

(3.4) [C_{α,β} (A)]^∗ = C_{β,α} (A) and (3.5) C_{β,α} (A^∗) − C_{α,β} (A) = A^∗A − AA^∗. The following characterization of normal operators, i.e., we recall that the operator A is normal if and only if either A^∗A = AA^∗ or, equivalently, ‖Ax‖ = ‖A^∗x‖ for each x ∈ H, can be stated:

Corollary 1. The operator A ∈ B(H) is normal if and only if C_{β,α} (A^∗) = C_{α,β} (A) for each α, β ∈ C .

The connection between the transform of the inverse operator A^{−1} and the transform of the operator A is described in the following result:

Proposition 2. If A ∈ B(H) is invertible and α, β ∈ C \ {0} , then

(3.6) ( A^{−1} )_∗ C_{α,β} (A) A^{−1} = αβC 1_{α ,} 1_β ( A^{−1} ) . Proof. Observe, for any α, β ∈ C \ {0} that ( A^{−1} )_∗ C_{β,α} (A) A^{−1} = (A^∗)^{−1} ( A^∗ − βI ) (αI − A) A^{−1} (3.7) = αβ ( 1 β I − (A^∗)^{−1} ) ( A^{−1} − 1 α I ) . However, [( A^{−1} )_∗ C_{β,α} (A) A^{−1} ]_∗ = ( A^{−1} )_∗ C_{α,β} (A) A^{−1} and [ αβ ( 1 β I − (A^∗)^{−1} ) ( A^{−1} − 1 α I )]_∗ = αβC 1_{α ,} 1_β ( A^{−1} )

and by (3.7) we get the desired representation (3.6).

We recall that a bounded linear operator T on the complex Hilbert space (H, ⟨., .⟩) is called accretive if Re ⟨T y, y⟩ ≥ 0 for any y ∈ H.

The following simple characterization result is useful in the following:

Lemma 4. For α, β ∈ C and A ∈ B(H) the following statements are equivalent: (i) The transform C_{α,β} (A) is accretive; (ii) The transform C_{α,β} (A^∗) is accretive; (iii) We have the norm inequality

(3.8) ‖ ‖ ‖ ‖A − α + β 2 I ‖ ‖ ‖ ‖ ≤ 1 2 |β − α| . Proof. The proof of the equivalence ”(i) ⇔ (iii)” is obvious by the equality (3.9) Re ⟨(A^∗ − αI) (βI − A) x, x⟩ = 1 4 |β − α|^2 − ‖ ‖ ‖ ( A − α + β 2 I ) x ‖ ‖ ‖^2 that holds for any α, β ∈ C , A ∈ B(H) and x ∈ H, ‖x‖ = 1.

Since, obviously ‖ ‖ ‖A^∗ − α + β 2 I ‖ ‖ ‖ = ‖ ‖ ‖A − α + β 2 I ‖ ‖ ‖ ≤ 1 2 |β − α| = 1 2 | β − α | , hence the equivalence ”(ii) ⇔ (iii)” is also proved.

For two bounded linear operators A, B ∈ B(H) and the vector x ∈ H, ‖x‖ = 1 define the functional G (A, B; x) := ⟨Ax, Bx⟩ − ⟨Ax, x⟩ ⟨x, Bx⟩ . The following result concerning operator inequalities of Grüss’ type may be stated:

Theorem 1. Let A, B ∈ B(H) and α, β, γ, δ ∈ K be so that the transforms C_{α,β} (A) , C_{γ,δ} (B) are accretive, then |G (A, B; x)| (3.10)

≤ 1 4 |β − α| |δ − γ| − [Re ⟨C_{α,β} (A) x, x⟩ Re ⟨C_{γ,δ} (B) x, x⟩]^{1/2} | | | ⟨( A −^{α+β}_2 I ) x, x ⟩| | | | | ⟨( B −^{γ+δ}_2 I ) x, x ⟩| | ( ≤ 1 4 |β − α| |δ − γ| ) , for any x ∈ H, ‖x‖ = 1. If Re (βα) > 0, Re (δγ) > 0 then |G (A, B; x)| (3.11)

≤ 1 4 |β−α||δ−γ| [Re(βα) Re(δγ)]^{1/2} |⟨Ax, x⟩ ⟨Bx, x⟩| , [( |α + β| − 2 [Re (βα)]^{1/2} ) ( |δ + γ| − 2 [Re (δγ)]^{1/2} )]_{1/2} × [|⟨Ax, x⟩ ⟨Bx, x⟩|]^{1/2} , for any x ∈ H, ‖x‖ = 1. If β ≠ −α, δ ≠ −γ then |G (A, B; x)| (3.12)

≤ 1 4 |β − α| |δ − γ| [|β + α| |δ + γ|]^{1/2} [(‖Ax‖ + |⟨Ax, x⟩|) (‖Bx‖ + |⟨Bx, x⟩|)]^{1/2} , for any x ∈ H, ‖x‖ = 1. The proof follows by Lemmas 1, 2 and 3 on choosing u = Ax, v = Bx and e = x, x ∈ H, ‖x‖ = 1. Remark 1. We observe that G (A, B^∗; x) = ⟨BAx, x⟩ − ⟨Ax, x⟩ ⟨Bx, x⟩ , x ∈ H, ‖x‖ = 1 and since, by Lemma 4 the transform C_{α,β} (A) is accretive if and only if C_{α,β} (A^∗) is accretive, hence in all the inequalities (3.10)-(3.12) we can replace G (A, B; x) by G (A, B^∗; x) getting other Grüss’ type inequalities that will be used in the sequel.

In some applications, the case B = A in both quantities G (A, B; x) and G (A, B^∗; x) may be of interest. For the sake of simplicity, we denote G_1 (A; x) := G (A, A; x) = ‖Ax‖^2 − |⟨Ax, x⟩|^2 ≥ 0 and G_2 (A; x) := G (A, A^∗; x) = ⟨ A^2x, x ⟩ − [⟨Ax, x⟩]^2 , for x ∈ H, ‖x‖ = 1. For these quantities, that are related to the Schwarz’s inequality, we can state the following result which is of interest:

Corollary 2. Let A ∈ B(H) and α, β ∈ K be so that the transforms C_{α,β} (A) is accretive, then

max {G_1 (A; x) , |G_2 (A; x)|} ≤ 1 4 |β − α|^2 − Re ⟨C_{α,β} (A) x, x⟩ | | | ⟨( A −^{α+β}_2 I ) x, x ⟩| |^2

(3.13) ( ≤ 1 4 |β − α|^2 ) , for any x ∈ H, ‖x‖ = 1. If Re (βα) > 0 then

max {G_1 (A; x) , |G_2 (A; x)|} ≤ 1 4 |β−α|^2 Re(βα) |⟨Ax, x⟩| 2 , ( |α + β| − 2 [Re (βα)]^{1/2} ) |⟨Ax, x⟩| , (3.14)

for any x ∈ H, ‖x‖ = 1. If β ≠ −α then

(3.15) max {G_1 (A; x) , |G_2 (A; x)|} ≤ 1 4 |β − α|^2 |β + α| (‖Ax‖ + |⟨Ax, x⟩|) , for any x ∈ H, ‖x‖ = 1. 4. Reverse Inequalities for the Numerical Range Let (H; ⟨·, ·⟩) be a complex Hilbert space. The numerical range of an operator A is the subset of the complex numbers C given by [21, p. 1]: W (A) = {⟨Ax, x⟩ , x ∈ H, ‖x‖ = 1} . The numerical radius w (A) of an operator A on H is given by [21, p. 8]: (4.1) w (A) = sup {|λ| , λ ∈ W (A)} = sup {|⟨Ax, x⟩| , ‖x‖ = 1} . It is well known that w (·) is a norm on the Banach algebra B (H). This norm is equivalent with the operator norm. In fact, the following more precise result holds [21, p. 9]:

Theorem 2 (Equivalent norm). For any A ∈ B (H) one has (4.2) w (A) ≤ ‖A‖ ≤ 2w (A) . The following reverses of the first inequality in (4.2), i.e., upper bounds under appropriate conditions for the bounded linear operator A for the nonnegative difference ‖A‖^2 − w^2 (A) can be obtained:

Theorem 3. Let A ∈ B(H) and α, β ∈ K be so that the transforms C_{α,β} (A) is accretive, then

(0 ≤) ‖A‖^2 − w^2 (A) ≤ 1 4 |β − α|^2 − ϑ_i (C_{α,β} (A)) w^2_i ( A −^{α+β}_2 I ) (4.3) ( ≤ 1 4 |β − α|^2 ) , where, for a given operator B we have denoted ϑ_i (B) := inf_{‖x‖=1} Re ⟨Ax, x⟩ and w_i (B) := inf_{‖x‖=1} |⟨Ax, x⟩| . If Re (βα) > 0 then

(4.4) (0 ≤) ‖A‖^2 − w^2 (A) ≤ 1 4 |β−α|^2 Re(βα) w 2 (A) , ( |α + β| − 2 [Re (βα)]^{1/2} ) w (A) . If β ≠ −α then

(4.5) (0 ≤) ‖A‖^2 − w^2 (A) ≤ 1 4 |β − α|^2 |β + α| (‖A‖ + w (A)) . Proof. We give a short proof for the first inequality. The other results follow in a similar manner.

Utilising the inequality (3.13) we can write that (4.6) ‖Ax‖^2 ≤ |⟨Ax, x⟩|^2 + 1 4 |β − α|^2 − Re ⟨C_{α,β} (A) x, x⟩ , for any x ∈ H, ‖x‖ = 1. Taking the supremum over x ∈ H, ‖x‖ = 1 in (4.6) we deduce the first inequality in (4.3).

Corollary 3. If A ∈ B(H) and M > m > 0 are such that the transform C_{m,M} (A) = (A^∗ − mI) (MI − A) is accretive, then

(4.7) (0 ≤) ‖A‖^2 − w^2 (A) ≤

1 4 (M − m)^2 − ϑ_i (C_{m,M} (A)) , 1 4 (M − m)^2 − w^2_i ( A −^{m+M}_2 I ) , 1 4 (M−m)^2 mM w^2 (A) , (√ M − √ m )_2 w (A) , 1 4 (M−m)^2 M+m (‖A‖ + w (A)) . Remark 2. The inequalities in (4.4) and their consequences for positive M and m were obtained previously in [9].

The following result is well known in the literature (see for instance [34]): w(A^n) ≤ w^n(A), for each positive integer n and any operator A ∈ B(H).

The following reverse inequalities for n = 2, can be stated:

Theorem 4. Let A ∈ B(H) and α, β ∈ K be so that the transforms C_{α,β} (A) is accretive, then

(0 ≤) w^2 (A) − w ( A^2 ) ≤ 1 4 |β − α|^2 − ϑ_i (C_{α,β} (A)) w^2_i ( A −^{α+β}_2 I ) (4.8) ( ≤ 1 4 |β − α|^2 ) .

If Re (βα) > 0 then

(4.9) (0 ≤) w^2 (A) − w ( A^2 ) ≤ 1 4 |β−α|^2 Re(βα) w 2 (A) , ( |α + β| − 2 [Re (βα)]^{1/2} ) w (A) . If β ≠ −α then

(4.10) (0 ≤) w^2 (A) − w ( A^2 ) ≤ 1 4 |β − α|^2 |β + α| (‖A‖ + w (A)) . Proof. We give a short proof for the fist inequality only. The other inequalities can be proved in a similar manner.

Utilising the inequality (3.13) we can write that |⟨Ax, x⟩|^2 − |⟨ A^2x, x ⟩| ≤ | | ⟨ A^2x, x ⟩ − [⟨Ax, x⟩]^2 | | ≤ 1 4 |β − α|^2 − Re ⟨C_{α,β} (A) x, x⟩ , for any x ∈ H, ‖x‖ = 1, which implies that (4.11) |⟨Ax, x⟩|^2 ≤ |⟨ A^2x, x ⟩| + 1 4 |β − α|^2 − Re ⟨C_{α,β} (A) x, x⟩ for any x ∈ H, ‖x‖ = 1. Taking the supremum over x ∈ H, ‖x‖ = 1 in (4.11) we deduce the desired inequality in (4.8).

Remark 3. If A ∈ B(H) and M > m > 0 are such that the transform C_{m,M} (A) = (A^∗ − mI) (MI − A) is accretive, then all the inequalities in (4.7) hold true with the left side replaced by the nonnegative quantity w^2 (A) − w ( A^2 ) . 5. New Inequalities of the Kantorovich Type

The following result comprising some inequalities for the Kantorovich functional can be stated:

Theorem 5. Let A ∈ B(H) and α, β ∈ K be so that the transforms C_{α,β} (A) is accretive. If Re (βα) > 0 and the operator −i Im (βα) C_{α,β} (A) is accretive, then |K (A; x) − 1| (5.1)

≤

1 4 |β−α|^2 |βα| − [ Re ⟨C_{α,β} (A) x, x⟩ Re ⟨ C 1_{α ,} 1_β ( A^{−1} ) x, x ⟩]_{1/2} , 1 4 |β−α|^2 |βα| − | | | ⟨( A −^{α+β}_2 I ) x, x ⟩| | | | | ⟨( A^{−1} −^{α+β}_{2αβ} I ) x, x ⟩| | , 1 4 |β−α|^2 Re(βα) |⟨Ax, x⟩| | |⟨A^{−1}x, x⟩ | | , |β+α|−2[Re(βα)]^{1/2} |βα|^{1/2} [ |⟨Ax, x⟩| | |⟨A−1x, x⟩ | |]^{1/2} , 1 4 |β−α|^2 |βα|^{1/2}|β+α| [ (‖Ax‖ + |⟨Ax, x⟩|) (‖ A^{−1}x ‖ ‖ + | |⟨A−1x, x⟩ | |)]^{1/2} , for any x ∈ H, ‖x‖ = 1.

Proof. Utilising Proposition 2, we have for each x ∈ H, ‖x‖ = 1 that Re ⟨ C 1_{α ,} 1_β ( A^{−1} ) x, x ⟩

= 1 |βα|^2 Re [ βα ⟨( A^{−1} )_∗ C_{α,β} (A) A^{−1}x, x ⟩]

= 1 |βα|^2 [ Re (βα) · Re ⟨( A^{−1} )_∗ C_{α,β} (A) A^{−1}x, x ⟩

+ Im (βα) · Im ⟨( A^{−1} )_∗ C_{α,β} (A) A^{−1}x, x ⟩]

= 1 |βα|^2 [ Re (βα) · Re ⟨( A^{−1} )_∗ C_{α,β} (A) A^{−1}x, x ⟩

+ Re ⟨( A^{−1} )_∗ (−i Im (βα) C_{α,β} (A)) A^{−1}x, x ⟩] ≥ 0, showing that the operator C 1_{α ,} 1_β ( A^{−1} ) is also accretive.

Now, on applying Theorem 1 for the difference ⟨BAx, x⟩ − ⟨Ax, x⟩ ⟨Bx, x⟩ and for the choices B = A^{−1} and δ = 1/β, γ = 1/α, we get the desired inequality (5.1). The details are omitted.

Remark 4. A sufficient simple condition for the second assumption to hold in the above theorem is that βα is a positive real number.

However, for practical applications the following even more particular case is of interest:

Corollary 4. Let A ∈ B(H) and M > m > 0 are such that the transform C_{m,M} (A) = (A^∗ − mI) (MI − A) is accretive. Then |K (A; x) − 1| (5.2)

≤

1 4 (M−m)^2 mM − [ Re ⟨C_{m,M} (A) x, x⟩ Re ⟨ C 1_{m ,} 1_M ( A^{−1} ) x, x ⟩]_{1/2} , 1 4 (M−m)^2 mM − | |⟨(A −^{m+M}_2 I) x, x⟩ | | | |⟨(A−1 −^{m+M}_{2mM} I) x, x⟩ | | , 1 4 (M−m)^2 mM |⟨Ax, x⟩| | |⟨A^{−1}x, x⟩ | | , (^√M−^√m)^2 √ mM [ |⟨Ax, x⟩| | |⟨A−1x, x⟩ | |]^{1/2} , 1 4 (M−m)^2 √ mM (m+M) [ (‖Ax‖ + |⟨Ax, x⟩|) (‖ A^{−1}x ‖ ‖ + | |⟨A^{−1}x, x⟩ | |)]^{1/2} , for any x ∈ H, ‖x‖ = 1. Finally, on returning to the original assumptions, we can state the following results which both provides refinements for the additive version of the operator Kantorovich inequality (1.4) as well as other similar results that apparently were not discovered before:

Corollary 5. Let A be a selfadjoint operator on H and M > m > 0 such that MI ≥ A ≥ mI in the partial operator order of B(H). Then 0 ≤ K (A; x) − 1

(5.3)

≤

1 4 (M−m)^2 mM − [ Re ⟨C_{m,M} (A) x, x⟩ Re ⟨ C 1_{m ,} 1_M ( A^{−1} ) x, x ⟩]_{1/2} , 1 4 (M−m)^2 mM − | |⟨(A −^{m+M}_2 I) x, x⟩ | | | |⟨(A−1 −^{m+M}_{2mM} I) x, x⟩ | | , 1 4 (M−m)^2 mM ⟨Ax, x⟩ ⟨ A^{−1}x, x ⟩ , (^√M−^√m)^2 √ mM [ ⟨Ax, x⟩ ⟨ A^{−1}x, x ⟩]_{1/2} , 1 4 (M−m)^2 √ mM (m+M) [ (‖Ax‖ + ⟨Ax, x⟩) (‖ A^{−1}x ‖ ‖ + ⟨A^{−1}x, x⟩)]^{1/2} , for any x ∈ H, ‖x‖ = 1. The proof is obvious by Corollary 5 on noticing that the fact MI ≥ A ≥ mI for a selfadjoint operator A implies that C_{m,M} (A) = (A^∗ − mI) (MI − A) is accretive. The reverse is not true in general.

References

[1] D. Braess, Finite Elements. Theory, Fast Solvers, and Applications in Solid Mechanics.

Translated from the 1992 German edition by Larry L. Schumaker. Second edition. Cambridge University Press, Cambridge, 2001. xviii+352 pp.

[2] J.B. Diaz and F.T. Metcalf, Complementary inequalities. III. Inequalities complementary to Schwarz’s inequality in Hilbert space. Math. Ann., 162 (1965/1966), 120–139.

[3] S.S. Dragomir, A generalisation of Grüss’ inequality in inner product spaces and applications, J. Mathematical Analysis and Applications, 237 (1999), 74-82.

[4] S.S. Dragomir, Some Grüss type inequalities in inner product spaces, J. Inequal. Pure & Appl. Math., 4(2) (2003), Article 42. (Online http://jipam.vu.edu.au/article.php?sid=280).

[5] S.S. Dragomir, On Bessel and Grüss inequalities for orthornormal families in inner product spaces, Bull. Austral. Math. Soc., 69(2) (2004), 327-340.

[6] S.S. Dragomir, Reverses of Schwarz, triangle and Bessel inequalities in inner product spaces, J. Inequal. Pure & Appl. Math., 5(3) (2004), Article 76. (Online : http://jipam.vu.edu.au/article.php?sid=432).

[7] S.S. Dragomir, Reverses of the Schwarz inequality in inner product spaces generalising a Klamkin-McLenaghan result, Bull. Austral. Math. Soc. 73(1)(2006), 69-78.

[8] S.S. Dragomir, New reverses of Schwarz, triangle and Bessel inequalities in inner product spaces, Austral. J. Math. Anal. & Applics., 1(1) (2004), Article 1. (Online: http://ajmaa.org/cgi-bin/paper.pl?string=nrstbiips.tex ).

[9] S.S. Dragomir, Reverse inequalities for the numerical radius of linear operators in Hilbert spaces, Bull. Austral. Math. Soc., 73(2006), 255-262.

[10] S.S. Dragomir, Advances in Inequalities of the Schwarz, Grüss and Bessel Type in Inner Product Spaces, Nova Science Publishers Inc, New York, 2005, x+249 p.

[11] M. Fujii, E. Kamei and A. Matsumoto, Parameterized Kantorovich inequality for positive operators. Nihonkai Math. J. 6 (1995), No. 2, 129–134.

[12] M. Fujii, S. Izumino, R. Nakamoto and Y. Seo, Operator inequalities related to Cauchy- Schwarz and Hölder-McCarthy inequalities. Nihonkai Math. J. 8 (1997), no. 2, 117–122.

[13] M. Fujii and M. Nakamura, Jensen inequality is a complement to Kantorovich inequality. Sci.

Math. Jpn. 62 (2005), no. 1, 39–45.

[14] M. Fujii and M. Nakamura, Kadison’s Schwarz inequality and noncommutative Kantorovich inequality. Sci. Math. Jpn. 63 (2006), no. 1, 101–102.

[15] T. Furuta, Extensions of Hölder-McCarthy and Kantorovich inequalities and their applications. Proc. Japan Acad. Ser. A Math. Sci. 73 (1997), No. 3, 38–41.

[16] T. Furuta, Operator inequalities associated with Hölder-McCarthy and Kantorovich inequalities. J. Inequal. Appl. 2 (1998), no. 2, 137–148.

[17] T. Furuta and M. Giga, A complementary result of Kantorovich type order preserving inequalities by Mičić-Pečarić-Seo. Linear Algebra Appl., 369 (2003), 27–40.

[18] A. Galántai, A study of Auchmuty’s error estimate. Numerical methods and computational mechanics (Miskolc, 1998). Comput. Math. Appl. 42 (2001), no. 8-9, 1093–1102.

[19] A.A. Goldstein, A modified Kantorovich inequality for the convergence of Newton’s method.

Mathematical developments arising from linear programming (Brunswick, ME, 1988), 285– 294, Contemp. Math., 114, Amer. Math. Soc., Providence, RI, 1990.

[20] A.A. Goldstein, A global Newton method. II. Analytic centers. Math. Programming 62 (1993), no. 2, Ser. B, 223–237.

[21] K.E. Gustafson and D.K.M. Rao, Numerical Range, Springer-Verlag, New York, Inc., 1997. [22] W. Greub and W. Rheinboldt, On a generalization of an inequality of L. V. Kantorovich.

Proc. Amer. Math. Soc., 10 (1959) 407–415.

[23] P.R. Halmos, A Hilbert Space Problem Book, Springer-Verlag, New York, Heidelberg, Berlin, Second edition, 1982.

[24] A.S. Householder, The Kantorovich and some related inequalities. SIAM Rev. 7 (1965), 463– 473.

[25] L.V. Kantorovič, Functional analysis and applied mathematics. (Russian) Uspehi Matem.

Nauk (N.S.) 3, (1948). no. 6(28), 89–185.

[26] C.G. Khatri and C.R. Rao, Some extensions of the Kantorovich inequality and statistical applications. J. Multivariate Anal. 11 (1981), no. 4, 498–505.

[27] C.T. Lin, Extrema of quadratic forms and statistical applications. Comm. Statist. A—Theory Methods 13 (1984), no. 12, 1517–1520.

[28] S. Liu and H. Neudecker, Kantorovich inequalities and efficiency comparisons for several classes of estimators in linear models. Statist. Neerlandica 51 (1997), no. 3, 345–355.

[29] B. Mond, An inequality for operators in a Hilbert space. Pacific J. Math. 18 (1966), 161–163. [30] B. Mond and J. E. Pečarić, Converses of Jensen’s inequality for linear maps of operators. An.

Univ. Timisoara Ser. Mat.-Inform. 31 (1993), no. 2, 223–228.

[31] B. Mond and J. E. Pečarić, Converses of Jensen’s inequality for several operators. Rev. Anal.

Numér. Théor. Approx. 23 (1994), No. 2, 179–183.

[32] B. Mond and O. Shisha, A difference inequality for operators in Hilbert space. 1967 Blanch Anniversary Volume pp. 269–275 Aerospace Research Lab., U.S. Air Force, Washington D.C.

[33] R. Nakamoto and M. Nakamura, Operator mean and Kantorovich inequality. Math. Japon.

44 (1996), no. 3, 495–498.

[34] C. Pearcy, An elementary proof of the power inequality for the numerical radius, Michigan Math. J. 13 (1966), 289–291.

[35] J.E. Pečarić, S.Puntanen and G. P. H Styan, . Some further matrix extensions of the Cauchy- Schwarz and Kantorovich inequalities, with some statistical applications. Special issue honoring Calyampudi Radhakrishna Rao. Linear Algebra Appl. 237/238 (1996), 455–476.

[36] C.R. Rao, The inefficiency of least squares: extensions of the Kantorovich inequality. Linear Algebra Appl. 70 (1985), 249–255.

[37] P.D. Robinson and A.J. Wathen, Variational bounds on the entries of the inverse of a matrix.

IMA J. Numer. Anal. 12 (1992), no. 4, 463–486.

[38] P.G. Spain, Operator versions of the Kantorovich inequality. Proc. Amer. Math. Soc., 124 (1996), No. 9, 2813–2819.

[39] J.C. Spall, The Kantorovich inequality for error analysis of the Kalman filter with unknown noise distributions. Automatica J. IFAC 31 (1995), no. 10, 1513–1517.

[40] G.P.H. Styan, On some inequalities associated with ordinary least squares and the Kantorovich inequality. Acta Univ. Tamper. Ser. A 153 (1983), 158–166.

[41] G. Strang, On the Kantorovich inequality. Proc. Amer. Math. Soc. 11 (1960), 468. [42] M. Tsukada and S.-E. Takahasi, The best possibility of the bound for the Kantorovich inequality and some remarks. J. Inequal. Appl. 1 (1997), no. 4, 327–334.

[43] G.S. Watson, A method for discovering Kantorovich-type inequalities and a probabilistic interpretation. Linear Algebra Appl. 97 (1987), 211–217.

[44] G.S. Watson, G. Alpargu and G.P.H. Styan, Some comments on six inequalities associated with the inefficiency of ordinary least squares with one regressor. Linear Algebra Appl. 264 (1997), 13–54.

[45] T. Yamazaki, An extension of Specht’s theorem via Kantorovich inequality and related results.

Math. Inequal. Appl. 3 (2000), no. 1, 89–96.

[46] H. Yang, Efficiency matrix and the partial ordering of estimate. Comm. Statist. Theory Methods 25 (1996), no. 2, 457–468.

School of Computer Science and Mathematics, Victoria University, PO Box 14428, Melbourne VIC 8001, Australia.

E-mail address: sever.dragomir@vu.edu.au URL: http://rgmia.vu.edu.au/SSDragomirWeb.html