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Abstract. In this article, we investigate the composition of functions related

to the completely monotonic functions.

1. Introduction

Throughout the paper, N denotes the set of all positive integers, N0 := N ∪ {0},
R+ := (0,∞), I+ is an open interval contained in R+, Io is the interior of the
interval I ⊂ R, −I := {−x| x ∈ I}, R(f) denotes the range of the function f and
C(I) is the class of all continuous functions on I.

We first recall some definitions.

Definition 1.1 ([5]). A function f is said to be absolutely monotonic on an interval
I, if f ∈ C(I), has derivatives of all orders on Io and for all n ∈ N0

f (n)(x) ≥ 0, x ∈ Io.

We use AM(I) to denote the class of all absolutely monotonic functions on I.

Definition 1.2 ([5]). A function f is said to be completely monotonic on an interval
I, if f ∈ C(I), has derivatives of all orders on Io and for all n ∈ N0

(−1)nf (n)(x) ≥ 0, x ∈ Io.

Some mathematicians use the terminology of completely monotone instead of
completely monotonic.

The class of all completely monotonic functions on I is denoted by CM(I).

Definition 1.3 ([4]). A function f is said to be strongly completely monotonic on
I+ if, for all n ∈ N0, (−1)nxn+1f (n)(x) are nonnegative and decreasing on I+.

The class of such functions is denoted by SCM(I+).

Definition 1.4 ([1]). A function f is said to be almost completely monotonic on
an interval I, if f ∈ C(I), has derivatives of all orders on Io and for all n ∈ N

(−1)nf (n)(x) ≥ 0, x ∈ Io.

Let’s use ACM(I) to denote the set of all such functions on I.

Definition 1.5 ([1]). A function f is said to be almost strongly completely mono-
tonic on R+ if, for all n ∈ N, (−1)nxn+1f (n)(x) are nonnegative and decreasing on
R+.
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The class of almost strongly completely monotonic functions on R+ is denoted
by ASCM(R+).

For compositions of completely monotonic and related functions. The following
two results are a version of the corresponding Theorems in [5, Chapter IV]

Theorem 1.6. Suppose that f ∈ AM(I1), g ∈ AM(I) and R(g) ⊂ I1, then f ◦ g ∈
AM(I).

Theorem 1.7. Suppose that f ∈ AM(I1), g ∈ CM(I) and R(g) ⊂ I1, then f ◦ g ∈
CM(I).

The next result, which was established in 1983 by Lorch and Newman [2, Theo-
rem 5], is a converse of Theorem 1.7.

Theorem 1.8. Let f be defined on [0,∞). If for each g ∈ CM(R+), f ◦ g ∈
CM(R+), then f ∈ AM(R+).

The following result is a generalized form of Theorem 2 of [3].

Theorem 1.9. Suppose that f ∈ CM(I1), g ∈ C(I), g′ ∈ CM(I0) and R(g) ⊂ I1,
then f ◦ g ∈ CM(I).

From this result we can obtain

Corollary 1.10. If f ∈ CM(I1),where I1 := (a, b) with −∞ ≤ a < b < ∞, then
f(b− e−x) ∈ CM(I). Here I := (− ln(b− a),∞).

In 1983 Lorch and Newman [2, Theorem 4] gave an interesting result related to
Theorem 1.9 as follows.

Theorem 1.11. For each function f ∈ CM(I), where I := [0,∞), there exists a
function g on I such that g(0) = 0, f ◦ g ∈ CM(I) and g′ 6∈ CM(R+).

2. Main results

In this article, we further investigate the composition of functions related to the
completely monotonic functions.

First we give the following

Definition 2.1. A function f is said to be almost absolutely monotonic on an
interval I, if f ∈ C(I), has derivatives of all orders on Io and for all n ∈ N

f (n)(x) ≥ 0, x ∈ Io.

Let’s use AAM(I) to denote the class of all such functions on I.
From definitions we directly have

Theorem 2.2. A function f is almost completely monotonic on an interval I if
and only if the function f(−x) is almost absolutely monotonic on −I.

We can prove the following results of the compositions.

Theorem 2.3. Suppose that f ∈ ACM(I1), g ∈ C(I), g′ ∈ CM(I0) and R(g) ⊂ I1,
then f ◦ g ∈ ACM(I).

Theorem 2.4. Suppose that f ∈ ASCM(I+
1 ), g′ ∈ SCM(I+) and R(g) ⊂ I+

1 . If
2xg′(x) ≥ g(x), x ∈ I+, then f ◦ g ∈ ASCM(I+).
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Remark 2.5. The condition 2xg′(x) ≥ g(x), x ∈ I+ in Theorem 2.3(2) can
not be deleted even if f ∈ ASCM(I+

1 ) is replaced by a stronger condition: f ∈
SCM(I+

1 ). For example, let f(x) := 1/x, g(x) := lnx and I+ := (e2,∞). Then
f ∈ SCM(R+), g′ ∈ SCM(I+), and the condition 2xg′(x) ≥ g(x), x ∈ I+ is not
satisfied. It is easy to show that

(−1)1x2[f ◦ g(x)]′ =
x

ln2 x

is strictly increasing on I+. Hence f ◦ g(x) 6∈ ASCM(I+).

Theorem 2.6. Suppose that f ∈ ACM(I1),−g ∈ ACM(I) and R(g) ⊂ I1, then
f ◦ g ∈ ACM(I).

Theorem 2.7. Suppose that f ∈ ACM(I1),−g ∈ ASCM(I+) and R(g) ⊂ I1.
Then f ◦ g ∈ ASCM(I+).
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